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TWO USEFUL SUBSTITUTIONS 


We know that in most inequalities with a constraint such as abc = 1 


x z 
the substitution a b un c simplifies the solution (don’t kid 
y x 


z 
yourself, not all problems of this type become easier!). But have you ever 


thought about other similar substitutions? For example, what if we had 
the conditions x,y,z > 0 and zyz = xz + y +z +2? Or x,y,z > 0 and 
ry + yz + zx + 2xryz = 1? There are numerous problems that reduce 
to these conditions and to their corresponding substitutions. You will 
be probably surprised when finding out that the first set of conditions 
implies the existence of positive real numbers a, b,c such that 


b+e c+a a+b 
g= , Y= k 2= F 
a b c 


Let us explain why. The condition tyz = x +y+z+2 can be written 
in the following equivalent way: 


1 1 1 


ka Tay 1+2 


Proving this is just a matter of simple computations. Take now 


1 1 1 
a=, b=, c= ——. 
l+2 l+y 1+z 
1— b 
Then a +b + c= 1 and z = oe a Of course, in the same 
a a 
b b 
way we find y = <<" eS = . The converse (that is, ase aai 
c a 


b 
satisfy xyz = z +y + z = 2) is much easier and is settled again by 


basic computations. Now, what about the second set of conditions? If 
you look carefully, you will see that it is closely related to the first one. 
1 1 
Indeed, x,y,z > 0 satisfy ry + yz + zx + 2xyz = 1 if and only if —, =, 
Tt y 
1 1 


1 1 
— verify = — + — + — + 2, so the substitution here is 
z zyz zt y z 


So, let us summarize: we have seen two nice substitutions, with even 
nicer proofs, but we still have not seen any applications. We will see 
them in a moment ... and there are quite a few inequalities that can be 
solved by using these ” tricks”. 

First, an easy and classical problem, due to Nesbitt. It has so many 
extensions and generalizations, that we must discuss it first. 

Example 1. Prove that 

a b c 3 


+ > 
b+c eta a+b`2 


for all a,b,c > 0. 
Solution. With the ” magical” substitution, it suffices to prove that 


3 
if x,y,z > 0 satisfy zy + yz + zxz + 2ryz = 1, then z + y+z = 3° 


3 
Let us suppose that this is not the case, ie. x +y +z < z Because 


2 
3 
zy +yz+ 20 < CaL Ea we must have ry + yz + zx < 1 and 


3 
B+ytzZ 


3 
1 
3 ) , we also have 2ryz < T It follows that 


since zyz < ( 


L=aryt+yz+ 24 + 2ryz < F + Te 1, a contradiction, so we are done. 

Let us now increase the level of difficulty and make an experiment: 
imagine that you did not know about these substitutions and try to 
solve the following problem. Then look at the solution provided and you 
will see that sometimes a good substitution can solve a problem almost 
alone. 


Example 2. Let x,y,z > 0 such that vy + yz + zxz + 2ayz = 1. 


Prove that 


1 1 1 
Sar Ae hype 
LY z 

Mircea Lascu, Marian Tetiva 


Solution. With our substitution the inequality becomes 


b+c cta a+b a b c 
| + >4 + + ; 
b+c c+a a+b 


a b c 


But this follows from 


4s a a 4b b b 4c c c 
<p, SHS, SS Se 
b+c7™b cœ cta” ca a+b` a b 


Simple and efficient, these are the words that characterize this sub- 
stitution. 

Here is a geometric application of the previous problem. 

Example 3. Prove that in any acute-angled triangle ABC the fol- 
lowing inequality holds 


1 
cos? A cos? B+cos? B cos? C'+cos? C cos? A < z (cos” A+cos? B+cos? C). 


Titu Andreescu 


Solution. We observe that the desired inequality is equivalent to 


cos Acos B cos B cos C cos Á cos C 
T 


cos C cos A cos B 
<7( cos A cos B : cos C ) 
~ 4 \cosBcosC  cosC’cosA cos Acos B 
Setting 
cos BcosC cos A cos C cos Acos B 
— cosA ~  cosB ~ eos 
the inequality reduces to 
A(x + y 4 EEE ' a 


But this is precisely the inequality in the previous example. All that 


remains is to show that xy + yz + zx + 2xyz = 1. This is equivalent to 
cos? A + cos? B + cos? C + 2 cos A cos B cos C = 1, 


a well-known identity, proved in the chapter ” Equations and beyond”. 
The level of difficulty continues to increase. When we say this, we 

refer again to the proposed experiment. The reader who will try first to 

solve the problems discussed without using the above substitutions will 


certainly understand why we consider these problems hard. 


Example 4. Prove that if x,y,z > 0 and zyz = x +y + z + 2, then 


2(/£Y + VYZz + vV zz) <S£r+y+z+6. 


Mathlinks site 


Solution. This is tricky, even with the substitution. There are two 
main ideas: using some identities that transform the inequality into 


an easier one and then using the substitution. Let us see. What does 


2(,/zy + ./yz + y zx) suggest? Clearly, it is related to 
(VE + VI+ V2? - (e +y +2), 


Consequently, our inequality can be written as 


Vz +v + vz < Vlz +y+z+3). 


The first idea that comes to mind (that is using the Cauchy- 


Schwarz inequality in the form y£ + yy + /z < /3(a@+yt+z) < 


/2(£ +y + z + 3)) does not lead to a solution. Indeed, the last inequal- 


ity is not true: setting x+y+z = s, we have 3s < 2(s+3). This is because 
3 3 

from the AM-GM inequality it follows that ryz < 3 so Z > s+2, 

which is equivalent to (s — 6)(s + 3)? > 0, implying s > 6. 


Let us see how the substitution helps. The inequality becomes 


gea Ta 9 TE ee 
a b c a b c 


The last step is probably the most important. We have to change 


b b 
the expression sii | = 7 % + a + 3 a little bit. 
a c 


We see that if we add 1 to each fraction, then a + b + c will appear 


as common factor, so in fact 


b+c c+a a+b 1 1 1 
+ f +3=(a+b+c) ao hee 


a b > e 


And now we have finally solved the problem, amusingly, by employ- 


ing again the Cauchy-Schwarz inequality: 


b OS AP 
y Fe, fete, yor? < (b+e+e+atat+b)(—-+ 7+ -]. 
a b c a b c 


We continue with a 2003 USAMO problem. There are many proofs 


for this inequality, none of them easy. The following solution is again not 
easy, but it is natural for someone familiar with this kind of substitution. 

Example 5. Prove that for any positive real numbers a,b,c the 
following inequality holds 


(Qa+b+c)?  (2b+c+a)? (2c+a+ b)? zg 
2a? + (b+c)? © 22+ (c+a)? 22 + (a+b)? 7 
Titu Andreescu, Zuming Feng, USAMO 2003 


Solution. The desired inequality is equivalent to 
2 2 2 
(+=) (2+) (+=) 
a b c 
b zt z1 b\2 <8. 
2+ ( re) 24 (S42) 2+ (2 ) 
a b c 


Taking our substitution into account, it suffices to prove that if ryz = 


e+y+24+2, then 


(2+a) | (2+y)? | (2+2) 


<8. 
242? 24+ y? 


24+ 22 — 


This is in fact the same as 
2x+1 22y+1 2241 2,5 
2 E-z +- > 
z? +2 y2?+2 27427 2 
Now, we transform this inequality into 
Gai (y-1)?, ei 
r? +2 ` y2+2 z2 +2 72 
This last form suggests using the Cauchy-Schwarz inequality to prove 


that 


ead. gee Cae (z+y+z-3? 
r? +2 ' y242 2242 > r? +y +z+6 


So, we are left with proving that 2(2+y+2—3)? > £? +y? +22 +6. 
But this is not difficult. Indeed, this inequality is equivalent to 


2(x +y +z- 3)? > (x +y+z2)} —2(xy + yzt zxr) +6. 


Now, from xyz > 8 (recall who z,y,z are and use the AM-GM 
inequality three times), we find that ry +yz + zx > 12 and r+y+z > 6 
(by the same AM-GM inequality). This shows that it suffices to prove 
that 2(s—3)? > s?—18 for all s > 6, which is equivalent to (s—3)(s—6) > 
0, clearly true. And this difficult problem is solved! 

The following problem is also hard. We have seen a difficult solution 
in the chapter ” Equations and beyond”. Yet, there is an easy solution 
using the substitutions described in this unit. 

Example 6. Prove that if x,y,z > 0 satisfy xy + yz + zz + zyz = 4 
then xz +y + z > ty +yz + 22. 

India, 1998 


Solution. Let us write the given condition as 


T y 
2 2 


Y 2 2 2 Dh Yo az 
i ; Die E 
2 279 21°93 2 2 


1. 


Hence there are positive real numbers a, b,c such that 


2a 2b 2c 


T= pace Y c+a’ sraao. 


But now the solution is almost over, since the inequality 
£ HYZ TY +YZz+z£ 


is equivalent to 


a b c 2ab 2bc 2ca 


pe eka | a+b z Cro ee (tae+o 


After clearing denominators, the inequality becomes 


ala + b)(a+c)+b(b+a)(b+c)+c(e+a)(c+)) > 


> 2ab(a + b) + 2bc(b + c) + 2ca(c + a). 


After basic computations, it reduces to 
a(a — b)(a—c) + b(b — a) (b — c) + c(c — a) (c — b) > 0. 


But this is Schur’s inequality! 

We end the discussion with a difficult problem, in which the substi- 
tution described plays a key role. But this time using the substitution 
only will not suffice. 

Example 7. Prove that if x,y,z > 0 satisfy ryz = xz +y +z +2, 
then ryz(x — 1)(y—1)(z-1) < 8. 


Gabriel Dospinescu 
Solution. Using the substitution 


b+c c+a a+b 
DS y= ’ na , 
a b c 


the inequality becomes 
(a+b)(b+c)(c+a) (a +b- c)(b+c-a)(c+a-— b) <8? (1) 


for any positive real numbers a,b,c. It is readily seen that this form is 
stronger than Schur’s inequality (a + b — c) (b + c — a) (c + a — b) < abe. 
First, we may assume that a,b,c are the sides of a triangle ABC, since 
otherwise the left-hand side in (1) is negative. This is true because no 
more than one of the numbers a+b—c, b+c—a, c+a—b can be negative. 
Let R be the circumradius of the triangle ABC. It is not difficult to find 
the formula 
a?b? e? 
(a+b+c)R? 


(a+b-—c)(b+c-—a)(c+a- b) = 


Consequently, the desired inequality can be written as 


GVIR: —_ 


But we know that in any triangle ABC, 9R? > a? + b? + c?. Hence 


it suffices to prove that 
8(a+b+c)(a2 +b? +c?) > 9(a+b)(b+c)(c+a). 
This inequality follows from the following ones: 


8(a+b+c)(a2 +b +c?) > s(a+b+0)8 


and 


TAE EN EE E S(a+ rege 


The first inequality reduces to 
1 
+b +e ao zla +b+0)}, 


while the second is a consequence of the AM-GM inequality. By com- 


bining these two results, the desired inequality follows. 


Problems for training 


1. Prove that if x,y,z > 0 satisfy xy + yz + zxz + 2xyz = 1, then 
1 3 
zyz < 3 and zy +yz + zz > Pi 


2. Prove that for any positive real numbers a,b,c the following in- 
equality holds 
b+c c+a a+b a b c 9 


a b c  b+e e aa 
J. Nesbitt 


3. Prove that if x,y,z > 0 and zyz = xz + y + z + 2, then 


3 
xy +yz + zr > 2(x+y+z)and yr + yy + vz < z V792. 


A. Let x,y,z > 0 such that zy + yz + zx = 2(x + y + z). Prove that 
tyz saty Fzt 


Gabriel Dospinescu, Mircea Lascu 


5. Prove that in any triangle ABC the following inequality holds 
1 
cos A+ cos B + cos C > 768 + cos( A — B) + cos(B — C) + cos(C — A)). 


Titu Andreescu 


6. Prove that in every acute-angled triangle ABC, 
(cos A + cos B)? + (cos B + cos C)? + (cos C + cos A)? < 3. 


1 1 1 
7. Prove that if a,b,c > 0 and z = a + p y =b+-—, z = c+ —, then 
c a 


xry +yz + zz > 2(x+y+ 2). 


Vasile Cartoaje 
8. Prove that for any a,b,c > 0, 
(b+c—a)? (ct+ta—b)? (a+b-—c)? _ 3 
(b+c)? +a?  (c+a)?2+b? i (a+b)? +275 
Japan, 1997 


10 


ALWAYS CAUCHY-SCHWARZ 


In recent years the Cauchy-Schwarz inequality has become one of 
the most used results in elementary mathematics, an indispensable tool 
of any serious problem solver. There are countless problems that reduce 
readily to this inequality and even more problems in which the Cauchy- 
Schwarz inequality is the key idea of the solution. In this unit we will 
not focus on the theoretical results, since they are too well-known. Yet, 
seeing the Cauchy-Schwarz inequality at work is not so well spread out. 
This is the reason why we will see this inequality in action in several 
simple examples first, employing then gradually the Cauchy-Schwarz 
inequality in some of the most difficult problems. 

Let us begin with a very simple problem, a direct application of the 
inequality. Yet, it underlines something less emphasized: the analysis of 
the equality case. 

Example 1. Prove that the finite sequence ao, a1,...,@n of positive 


real numbers is a geometrical progression if and only if 
(ag +a +: +a i)a tat +a?) = (aoa +a1aq+-+++Gn—-1Gn)’. 


Solution. We see that the relation given in the problem is in fact 


the equality case in the Cauchy-Schwarz inequality. This is equivalent to 


the proportionality of the n-tuples (ao, @1,...,@n—1) and (a1, a2,..., an), 
that is 

ao ai ee ta! An-1 

ay ag an 


But this is just actually the definition of a geometrical progression. 
Hence the problem is solved. Note that Lagrange’s identity allowed us 
to work with equivalences. 

Another easy application of the Cauchy-Schwarz inequality is the 


following problem. This time the inequality is hidden in a closed form, 


11 


which suggests using calculus. There exists a solution by using deriva- 
tives, but it is not as elegant as the featured one: 
Example 2. Let p be a polynomial with positive real coefficients. 
Prove that p(x)p(y”) > p?(xy) for any positive real numbers 2, y. 
Russian Mathematical Olympiad 
Solution. If we work only with the closed expression p(x?)p(y?) > 
p*(xy), the chances of seeing a way to proceed are small. So, let us write 


p(x) = ao + aix +--+ anz”. The desired inequality becomes 
(ao + aia? + +++ + an2?")(a9 + ary? +++: + any”) 


> (ag + axy +++? + ant” y”)’. 


And now the Cauchy-Schwarz inequality comes into the picture: 
(ao + azy +--+ + anay")? 


= (yag: Vao + Var?» Vagy? + +++ + Vane” - Vany”) 
< (ao +a? + +++ + nx") (ao + ary? +++» + any”). 


And the problem is solved. Moreover, we see that the conditions 
x,y > 0 are useless, since we have of course p?(xy) < p?(\ay|). Addi- 
tionally, note an interesting consequence of the problem: the function 
f : (0,00) — (0,00), f(x) = Inp(e”) is convex, that is why we said in 
the introduction to this problem that it has a solution based on calculus. 
The idea of that solution is to prove that the second derivative of is non- 
negative. We will not prove this here, but we note a simple consequence: 


the more general inequality 


p(wt)p(x>)...p(ag) > p*(a122... 2p), 


which follows the Jensen’s inequality for the convex function f(x) = 
In p(e”). 


12 


Here is another application of the Cauchy-Schwarz inequality, though 
this time you might be surprised why the ” trick” fails at a first approach: 
L ye aL 
Example 3. Prove that if x,y,z > 0 satisfy — + — + -— = 2, then 
Gye 


VJa-1+Vy-1l+vz-1K< Vatytz. 


Tran, 1998 


Solution. The obvious and most natural approach is to apply the 


Cauchy-Schwarz inequality in the form 


vVzr=1I+vyy-1+vz-1<3(z+y+z-3) 


and then to try to prove the inequality \/3(@ + y + z — 3) < V Fy Fz, 
which is equivalent to x +y +z < z Unfortunately, this inequality is 


9 
not true. In fact, the reversed inequality holds, that is x + y +z > z 
1 1 9 
since 2 = -+ -+--> . Hence this approach fails. Then, we 
z G+ytz 
try another approach, using again the Cauchy-Schwarz inequality, but 


this time in the form 


VET IT VI = Vey vb ve 
< feriro (Ate), 


We would like to have the last expression equal to ,/a + y + z. This 


encourages us to take a = x, b = y, c = z, since in this case 


-1 -1 -1 
a Ee we =landa+b4+c=a+y+2z. 
a b c 


So, this idea works and the problem is solved. 
We continue with a classical result, the not so well-known inequality 
of Aczel. We will also see during our trip through the exciting world of 


the Cauchy-Schwarz inequality a nice application of Aczel’s inequality. 


13 


Example 4. Let a1, a2,...,@n, 61, b2,...,6n be real numbers and let 


A, B > 0 such that 
A? > a? +a +) +a? or B? >b? +b te Ho. 


Then 


< (AB aıbı abe exe Cm ee 


Solution. We observe first that we may assume that 
A? >a? +a +- +a? and B? >b? 4+ 024.---4+ 02. 


Otherwise the left-hand side of the desired inequality is smaller than 
or equal to 0 and the inequality becomes trivial. From our assumption 


and the Cauchy-Schwarz inequality, we infer that 


abi +a2b2+- - -+anbn < ya + a3 +. $a2-4/83 +03 +-+-+b2 < AB 


Hence we can rewrite the inequality in the more appropriate form 


ayby + azb2 + +++ + anbn + y (4? — a)(B? — b) < AB, 


where a = a? +a24+---+a? and b= b? + b2 +---+0%. Now, we can 


apply the Cauchy-Schwarz inequality, first in the form 


aibı+azb2+: :-+anbn + y (A2 — a)(B?2 — b) < Vab+./(A2 — a)(B? — b) 


and then in the form 


Vab + \/(A2 — a)(B? — b) < \/(a + A? — a)(b + B2 — b) = AB. 


And by combining the last two inequalities the desired inequality 
follows. 

As a consequence of this inequality we discuss the following problem, 
in which the condition seems to be useless. In fact, it is the key that 


suggests using Aczel’s inequality. 


14 


Example 5. Let aj1,a2,...,@n,61,62,...,6, be real numbers such 


that 
(af -+a3+-+-+a2—1)(b[-+05+---+b2—-1) > (a1bı+azb2+: --+anbn—1)’. 


Prove that a? + a2+---+a2 > 1 and b?+024+-.-+0>1. 
Titu Andreescu, Dorin Andrica, TST 2004, USA 


Solution. At first glance, the problem does not seem to be related 
to Aczel’s inequality. Let us take a more careful look. First of all, it 
is not difficult to observe that an indirect approach is more efficient. 
Moreover, we may even assume that both numbers a? +a3+---+a?—1 
and b? + b3 + --.+ 062 — 1 are negative, since they have the same sign 
(this follows immediately from the hypothesis of the problem). Now, we 


want to prove that 


(a2 +a? +- +a? — 1) +b +--+- 1) 


< (a,b + agbg + +++ + anbn — 1)? (1) 


in order to obtain the desired contradiction. And all of a sudden we 
arrived at the result in the previous problem. Indeed, we have now the 
conditions 1 > a? + a3 +- +a? and 1 > b¢+b5+---+0?, while the 
conclusion is (1). But this is exactly Aczel’s inequality, with A = 1 and 
B = 1. The conclusion follows. 

Of a different kind, the following example shows that an apparently 
very difficult inequality can become quite easy if we do not complicate 
things more than necessary. It is also a refinement of the Cauchy-Schwarz 
inequality, as we can see from the solution. 

Example 6. For given n > k > 1 find in closed form the best con- 


stant T(n, k) such that for any real numbers z1, £2,..., £n the following 


15 


inequality holds: 
S mi-o => T(r, kb) J (wi — 25). 
1<i<j<n 1<i<j<k 
Gabriel Dospinescu 


Solution. In this form, we cannot make any reasonable conjecture 


about T(n, k), so we need an efficient transformation. We observe that 


n n 2 
`> (a; — 2;) is nothing else than nX a? — (>: zi) and also 


1<i<j<n i=1 i=1 


k k 2 
`> -sP =y at- (Soa) ; 
i=1 i=1 


1<i<j<k 


according to Lagrange’s identity. Consequently, the inequality can be 


written in the equivalent form 


n n 2 k k 2 
nX aj (£a) > T(n,k) kX x- (Z=) 
i=1 i=1 i=1 i=1 


And now we see that it is indeed a refinement of the Cauchy-Schwarz 
inequality, only if in the end it turns out that T(n, k) > 0. We also 
observe that in the left-hand side there are n — k variables that do not 
appear in the right-hand side and that the left-hand side is minimal 
when these variables are equal. So, let us take them all to be zero. The 
result is 


2 


k k 2 k k 
n> z- (Sx) > T(n,k) kX x- (Za) ; 
i=l i=l i=1 i=1 


which is equivalent to 


2 
ain (Son) > (kT (n,k) —n) X >a? (1) 


16 


Now, if kT (n,k) —n > 0, we can take a k-tuple (1, 72,..., £) such 
k k 


that So ai = 0 and So aj # 0 and we contradict the inequality (1). 
i=1 i=1 


Hence we must have kT(n,k) —n < 0 that is T(n, k) < —. Now, let us 


n 
k 
proceed with the converse, that is showing that 


n n 2 k k 2 
i=1 i=1 i=1 i=1 


for any real numbers z1, £2, ... , £n. If we manage to prove this inequality, 


then it will follow that T(n, k) = 7" But (2) is of course equivalent to 


Ete ($a) -2 (a). 


i=k+1 
Now, we have to apply the Cauchy-Schwarz inequality, because we 


need [Ss xi. We find that 
i=k+1 


n n 2 


i=k+1 


and so it suffices to prove that 


n n 
A? > (A+ B)?— —B? 3 
2 A > (A+B) - 7P, (3) 
n k 
where we have taken A = a zi and B = Ste But (3) is straight- 
i=k+1 i=1 


forward, since it is equivalent to 
(kA — (n — k)B}? + k(n — k) B? > 0, 


n 
which is clear. Finally, the conclusion is settled: T(n, k) = L is the best 
constant. 

We continue the series of difficult inequalities with a very nice prob- 


lem of Murray Klamkin. This time, one part of the problem is obvious 
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from the Cauchy-Schwarz inequality, but the second one is not immedi- 
ate. Let us see. 
Example 7. Let a,b,c be positive real numbers. Find the extreme 


values of the expression 


Var? + bey? + e222 + J bx? + cy? + a2z2 + Vex? + a2y? + b222 
where x,y,z are real numbers such that z? + y? + 2? = 1. 
Murray Klamkin, Crux Mathematicorum 


Solution. Finding the upper bound does not seem to be too difficult, 


since from the Cauchy-Schwarz inequality it follows that 


Vara? + b2y2 + e222 + Jb? x? + Cy? + a2z2 + Ver? + a?y2? + b222 < 


< \/3(a2x? + b2y? + 222 + cy? + a222 + c2a? + ay? + b222) 


= /3(a?+ 0? + c?). 
We have used here the hypothesis x? + y? + z2 = 1. Thus, 


3(a? +b? +c?) is the upper bound and this value if attained for 
V3 


3 
But for the lower bound things are not so easy. Investigating what 
happens when xyz = 0, we conclude that the minimal value should be 
a+b+c, attained when two variables are zero and the third one is 1 or 


—1. Hence, we should try to prove the inequality 


Vara? + bey? + 222 + ybr? + Cy? + a22? 


+V ca? + ary? + b222 >atbte. 
Why not squaring it? After all, we observe that 
PPHPP teeter 4 ey teeter tey te? =@+P4+e, 


so the new inequality cannot have a very complicated form. It becomes 


Jara? + by? + c2z2. J bx? + cy? + a2z? 
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+r? + cy? + a222. Ver2 + a2y? + b222 


+V x2 + a?y? + b222 - \/a2x? + b?y? + c2z2 > ab + be+ ca 


which has great chances to be true. And indeed, it is true and it follows 


from what else?, the Cauchy-Schwarz inequality: 


Vara? + b2y2 + e222 - \/b2x? + cy? + a2z2 > aba? + bay? + caz? 


and the other two similar inequalities. This shows that the minimal value 
is indeed a+ b + c, attained for example when (x,y,z) = (1,0,0). 

It is now time for the champion inequalities. We will discuss two 
hard inequalities and after that we will leave for the reader the pleasure 
of solving many other problems based on these techniques. 


Example 8. Prove that for any nonnegative numbers aj, a2,...,@n 


1 
such that 5 ai = 5 the following inequality holds 
i=1 


5 aiaj ý n(n — 1) 


eee (1 — a;)(1 —a;) ~ 2(2n — 1)?’ 
Vasile Cartoaje 
Solution. This is a very hard problem, in which intuition is better 
than technique. We will concoct a solution using a combination between 
the Cauchy-Schwarz inequality and Jensen’s inequality, but we warn the 
reader that such a solution cannot be invented easily. Fasten your seat 
belts! Let us write the inequality in the form 


T di Ta a? n(n — 1) 
2 5) DD e ene 


i=l J=]; 


We apply now the Cauchy-Schwarz inequality to find that 


; 


Ee) ENE) Sed 


i=l i=l i=1 
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Thus, it remains to prove the inequality 


Qi 
n = n 


2 aj, n(n—1) 
“ap <2 ap F Gn? 


(3 


The latter can be written of course in the following form: 


“\a;(1—2a;) _ 2n(n— 1) 
Laca n 


i=1 
This encourages us to study the function 


f: [o3] >R, fla) = "N=? 


and to see if it is concave. This is not difficult, for a short computa- 
—6x 


tion shows that f”(x) = a-r < 0. Hence we can apply Jensen’s 
inequality to complete the solution. 

We end this discussion with a remarkable solution, found by the 
member of the Romanian Mathematical Olympiad Committee, Claudiu 
Raicu, to the difficult problem given in 2004 in one of the Romanian 
Team Selection Tests. 

Example 9. Let a1,a2,...,an be real numbers and let S be a non- 


empty subset of {1,2,...,n}. Prove that 


2 
(Ze) < `> (a; ++++ +a)’. 


ics 1<i<j<n 
Gabriel Dospinescu, TST 2004, Romania 


Solution. Let us define s; = aj + a9+---+a; fori > 1 and so = 0. 

Now, partition S into groups of consecutive numbers. Then 3 a; is of 
ics 

the form 841 — 84, FSi —Sig t ESj Sig with 0 < i1 < i2 < -< ik I N, 


jı < j2 < --- < gp and also iy < j1,..., ik < jk. Now, let us observe that 
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the left-hand side is nothing else than 
n 
2 2 2 
So si t+ `> (sj — si) = `> (apei) 
i=1 1<i<j<n 1<i<j<n4l 
Hence we need to show that 
(Sji — Sir + Sja — Sig +--+ + 8%, = Si)” < De (8; — si)”. 
O<i<j<ntl 
Let us take a1 = 8;,, @2 = $j,,.-., G2k-1 = Sip, G2k = Sj, and observe 
the obvious (but important) inequality 
ARN oo Do daa)’. 
0<i<j<ntl 1<i<j<2k 
And this is how we arrived at the inequality 
(a1 — a2 + a3 — +++ + a2k-1 — 2x)? < `> (a; — a3)? (1) 
1<i<j<2k 
The latter inequality can be proved by using the Cauchy-Schwarz 


inequality k-times: 


(ay — a2 + a3 — +++ + a2k-1 — azk) 
< k((a1 — a2)? + (a3 — a4)? +++» + (a2k-1 — a2x)?) 
(ay — a2 + a3 — +++ + a2k-1 — azk) 


< k((ay = aa)? + (a3 — ag)? Ae ete (a2k—1 = az)”) 


(a1 — a2 + a3 — +++ + a2k—1 azk)” 
< k((a1 — azk)? + (a3 — ag)? + +++ + (a2k-1 — a2k-2)°) 
and by summing up all these inequalities. In the right-hand side we 


obtain an even smaller quantity than pp (a; — aj)”, which proves 
1<i<j<2k 
that (1) is correct. The solution ends here. 
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Problems for training 
1. Let a,b,c be nonnegative real numbers. Prove that 
(ax? + bz + c)(cx? + bx +a) > (a + b+ 0)?2? 


for all nonnegative real numbers zx. 
Titu Andreescu, Gazeta Matematica 


2. Let p be a polynomial with positive real coefficients. Prove that 


1 1 
if p G > is true for x = 1, then it is true for all x > 0. 
a) ~ p(x) 
Titu Andreescu, Revista Matematica Timisoara 


3. Prove that for any real numbers a, b,c > 1 the following inequality 
holds: 


Va—1+Vb—-14+vVe—-1< Va(be+ 1). 
4. For any positive integer n find the number of ordered n-tuples of 
integers (a1, a2, ..., an) such that 
ai +az +: +a, > n? and a? +a? +- +a? <n? +1. 


China, 2002 
5. Prove that for any positive real numbers a, b, c, 


1 O E (a+b + c+ Vabe)? 


RA bee eva 2Vabe (at+b)(b+c)(c+a) 
Titu Andreescu, MOSP 1999 


6. Let a1, a2,..., Gn, 61, b2,...,bn be real numbers such that 
Ss" aja; > 0. 
l<i<j<n 


Prove the inequality 


y aibj y aya; Ss" bib; 


1<ižj<n 1<ižj<n 1<ikj<n 


Alexandru Lupas, AMM 


IV 
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7. Let n > 2 be an even integer. We consider all polynomials of the 
form z” + dn_y2""-! +---+a,x +1, with real coefficients and having at 


least one real zero. Determine the least possible value of a? + a3 +++» + 


2 


an-1: 


Czech-Polish-Slovak Competition, 2002 
8. The triangle ABC satisfies the relation 


eer | a1 sens) ie). 
cot 5 cot 5 Col faa) 
Show that ABC is similar to a triangle whose sides are integers and 


find the smallest set of such integers. 


Titu Andreescu, USAMO 2002 


9. Let 21, £2,..., £n be positive real numbers such that 
1 1 1 
! fod =1. 
14+ 271 14+ 22 14+ Zp 


Prove the inequality 


fait fio +++: + Vin = (n v(z att se). 


Vojtech Jarnik Competition, 2002 


10. Given are real numbers 71, £2,..., £10 € [o, =] such that 
sin? zı + sin? £2 +: + sin? tio = L: 

Prove that 

3(sin zı + sin £2 + -+ - + sin £10) < cos £1 + cos £2 + -+ - + cos £10. 


Saint Petersburg, 2001 


11. Prove that for any real numbers a,b,c, x,y,z the following in- 


equality holds 


2 
ax + by + cz + y (a? +b? + 2) (r? + y? + 2?) > zla +b+c)(z+y+ z2). 


Vasile Cartoaje, Kvant 
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12. Prove that for any real numbers 71, £2,..., £n the following in- 
equality holds 
n n 2 n n 
2(n? — 1) 
(E5) < EE- 
i=l i=1 i=1 j=1 
IMO 2003 


13. Let n > 2 and z1, £2,..., £n be positive real numbers such that 


1 1 1 > 
(et ot tan) | >+ ee ln. 
Ly v2 Tn 


Prove that 


1 1 1 2 
2 2 2 2 
ota eee >n? +4+ M. 
Gitto (atat) nn 1) 
Gabriel Dospinescu 


14. Prove that for any positive real numbers a,b,c, x,y,z such that 


xry + yz + zz = 3, 


a b c 
— r+z £ Po. 
ma ee oa bere ane +y) 2 
Titu Andreescu, Gabriel Dospinescu 
15. Prove that for any positive real numbers aj,4@2,...,@n, 11, 
£2, ..., £n such that 
fn 
2a mN) 
Wi<gcn 


the following inequality holds 


ay an 
— ~ (t24 ttn) e+ 
ag +++ + an ay +++ + An-1 


Vasile Cartoaje, Gabriel Dospinescu 


(ay t+---+4y-1) n. 
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EQUATIONS AND BEYOND 


Real equations with multiple unknowns have in general infinitely 
many solutions if they are solvable. In this case, an important task char- 
acterizing the set of solutions by using parameters. We are going to 
discuss two real equations and two parameterizations, but we will go 
beyond, showing how a simple idea can generate lots of nice problems, 
some of them really difficult. 

We begin this discussion with a problem. It may seem unusual, but 
this problem is in fact the introduction that leads to the other themes 
in this discussion. 

Example 1. Consider three real numbers a,b,c such that abc = 1 


and write 


PEES E ee pant (1) 
a b c 
Find an algebraic relation between z, y, z, independent of a,b, c. 
Of course, without any ideas, one would solve the equations from 
(1) with respect to a,b,c and then substitute the results in the relation 
abc = 1. But this is a mathematical crime! Here is a nice idea. To 


generate a relation involving x,y,z, we compute the product 


mE 
=(#+3)+(¥ +5) + (eti) 


= (x? — 2) + (y? — 2) + (2? — 2) + 2. 


Thus, 
r? +y? +27 —ayz=4 (2) 


and this is the answer to the problem. 
Now, another question appears: is the converse true? Obviously not 


(take for example the numbers (x,y,z) = (1,1,—1)). But looking again 
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at (1), we see that we must have min{|z|, |y|,|z|} > 2. We will prove the 
following result. 

Example 2. Let x,y,z be real numbers with max{|z|, |y|,|z|} > 2. 
Prove that there exist real numbers a, b,c with abc = 1 satisfying (1). 

Whenever we have a condition of the form max{|z|,|y|, |z|} > 2, it is 
better to make a choice. Here, let us take |x| > 2. This shows that there 
exists a nonzero real number u such that z = u + —, (we have used here 
the condition |x| > 2). Now, let us regard (2) asa denon degree equation 
with respect to z. Since this equation has real roots, the discriminant 
must be nonnegative, which means that (x? — 4)(y? — 4) > 0. But since 
|z| > 2, we find that y? > 4 and so there exist a non-zero real number 
v for which y = v + a How do we find the corresponding z? Simply by 
solving the second denies equation. We find two solutions: 


u v 
z = w+ —, z2=-+- 
uv v u 


1 
and now we are almost done. If z = uv+— we take (a, b,c) = (x v, ) 
uv uv 


and if z= — + 4 then we take (a,b,c) = (= 3) All the conditions 
are atd aa the problem is solved. aa 

A direct consequence of the previous problem is the following: 

If x,y,z > 0 are real numbers that verify (2), then there exist 
a, B, x € R such that 

x = 2ch(a), y= ?2ch(8), z= 2ch(x), 

where ch : R — (0,00), ch(x) = == Indeed, we write (1), in 
which this time it is clear that a,b,c > 0 and we take a = Ina, 8 = lnb, 
x = Inc. 


Inspired by the previous equation, let us consider another one 
r? +Y? +274 xyz =4, (3) 


26 


where x,y, z > 0. We will prove that the set of solutions of this equation 
is the set of triples (2 cos A, 2 cos B, 2 cos C) where A, B,C are the angles 
of an acute triangle. First, let us prove that all these triples are solutions. 


This reduces to the identity 
cos? A + cos? B + cos? C + 2cos A cos BcosC = 1. 


This identity can be proved readily by using the sum-to-product 
formulas, but here is a nice proof employing geometry and linear algebra. 


We know that in any triangle we have the relations 


a = ccos B + bcos C 
b = a cos C + ccos A 
c = bcos A + a cos B 
which are simple consequences of the Law of Cosines. Now, let us con- 


sider the system 


xz — ycos Č — z cos B = 0 
—xcosC'+y—zcosA=0 
—xcosB+ycosA—z=0 

From the above observation, it follows that this system has a non- 


trivial solution, that is (a,b,c) and so we must have 


1 —cosC — cos B 
— cos C 1 — cos A | =0, 
— cos B — cos Á 1 


which expanded gives 
cos? A + cos? B + cos? C + 2 cos A cos B cos C = 1. 


For the converse, we see first that 0 < x,y,z < 2, hence there are 
numbers A, B € (0, = such that x = 2cos A, y = 2cos B. Solving the 


equation with respect to z and taking into account that z € (0,2) we 
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obtain z = —2cos(A + B). Thus we can take C = m — A — B and we 
will have (x,y,z) = (2cos A, 2 cos B,2cosC). All in all we have solved 
the following problem. 

Example 3. The positive real numbers 2, y, z satisfy (3) if and only 


if there exists an acute-angled triangle ABC such that 
x=2cosA, y=2cosB, z=2cosC. 


With the introduction and the easy problems over it is now time to 
see some nice applications of the above results. 
Example 4. Let x,y,z > 2 satisfying (2). We define the sequences 
(Gn )n>1, (bn)n>1, (€n)n>1 by 
a2 +a7—4 _B+y-4 +24 


ani = Ta n+1 kaS a = 
n— n— n— 


with a1 = x, bı = y, & = z and az = x? — 2, bo = y? — 2, @ = 2? — 2. 


Prove that for all n > 1 the triple (an, bn, Cn) also satisfies (2). 


Solution. Let us write z = a+ —, y = b+ +, z = c+ —, with abc = 1. 
a c 


b 
Then 


1 1 1 
Ss ed 2 2 
ag =Q T2 bo =b tg C2 = C +z 


So, a reasonable conjecture is that 


n? 


1 1 1 
(an, bn, Cn) = (e b" + mo t ) 
Indeed, this follows by induction from 
ip Ve 1 
(+=) se pa 


1 
qn-1 


1 
artı 


= art! 


qr-l + 


and two similar identities. We have established that 


1 1 1 
(an, bn, Cn) = G + we + yn ty =) 
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But if abc = 1, then certainly a"b"c” = 1, which shows that indeed 
the triple (an, bn, Cn) satisfies (2). 

The following problem is a nice characterization of the equation (2) 
by polynomials and also teaches us some things about polynomials in 
two or three variables. 

Example 5. Find all polynomials f(x,y,z) with real coefficients 
such that 


1 1 1 
p(at+io+ jet 2) =0 
a b c 


whenever abc = 1. 
Gabriel Dospinescu 
Solution. From the introduction, it is now clear that the polyno- 
mials divisible by x? + y? + z2? — ryz — 4 are solutions to the problem. 
But it is not obvious why any desired polynomial should be of this form. 
To show this, we use the classical polynomial long division. There are 


polynomials g(x,y, z), h(y, z), k(y,z) with real coefficients such that 
f(@,y,2) = (2? +y? + 2? — zyz — 4) g(a, y, z) + hly, z) + k(y, 2) 


Using the hypothesis, we deduce that 


1 1 1 1 1 
0=|a+-]h|b+-,c+-]+kļ|b+-,c+- 
a b c b c 


whenever abc = 1. Well, it seems that this is a dead end. Not exactly. 


Now we take two numbers z, y such that min{|z],|y|} > 2 and we write 


1 1 vzr? — 4 yy? — 4 
r=b+>,y=c+— with b= E es EWE 
c 


1 
Then it is easy to compute a+ —. It is exactly ry+,/ (x2 — 4) (y2? — 4). 
a 


So, we have found that 


(xy + y (2? — 4)(y? — 4) h(x, y) + k(x, y) = 0 


whenever min{|z|, |y|} > 2. And now? The last relation suggests that we 


should prove that for each y with |y| > 2, the function x > Vx? — 4 is 
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not rational, that is, there aren’t polynomials p,q such that Vx? — 4 = 


x 
pie) But this is easy because if such polynomials existed, than each 


a of x? — 4 should have even multiplicity, which is not the case. Con- 
sequently, for each y with |y| > 2 we have h(x, y) = k(x, y) = 0 for all 
x. But this means that h(x,y) = k(a,y) = 0 for all x,y, that is our 
polynomial is divisible with z? + y? + 2? — zyz — 4. 

O a different kind, the following problem and the featured solution 
prove that sometimes an efficient substitution can help more than ten 
complicated ideas. 

Example 6. Let a,b,c > 0. Find all triples (x,y,z) of positive real 


numbers such that 
r+y+z=a+b+c 
ata + b?y + ez + abe = 4ryz 
Titu Andreescu, IMO Shortlist, 1995 


Solution. We try to use the information given by the second equa- 


tion. This equation can be written as 


and we already recognize the relation 


u? +v? + w? ++ uvw = 4 


a c i 
where u = Toc ,w= . According to example 3, we can 
yz VZT TY 


find an acute-angled triangle ABC such that 


u=2cosA, v=2cosB, w= 2cosC. 


We have made use of the second condition, so we use the first one 


to deduce that 
z +y +z = 2,/zy cos C + 2,/yz cos A+ 2y zz cos B. 
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Trying to solve this as a second degree equation in yx, we find the 


discriminant 
—4(,/ysinC — /zsin B)?. 


Because this discriminant is nonnegative, we infer that 


JysinC = /zsin B and Vz = yy cos C + yz cos B. 


Combining the last two relations, we find that 


vo Vy _ vz 
sinA sinB sinC 


Now we square these relations and we use the fact that 


b 
cos A = 7 , cos B = ——, cosC= 


2./yz 2 /ZT 2/79 
The conclusion is: 


DARE 


a+b 
7 = ——_—___ 


2? I5 Ee 


and it is immediate to see that this triple satisfies both conditions. Hence 
there is a unique triple that is solution to the given system. Notice that 


the condition 
xz +y +z = 2,/zy cos C + 2,/yz cos A + 2y zx cos B 


is the equality case in the lemma stated in the solution of the following 
problem. This could be another possible solution of the problem. 

We have discussed the following very difficult problem in the chapter 
” An useful substitution”. We will see that example 3 helps us find a nice 
geometric solution to this inequality. 

Example 7. Prove that if the positive real numbers z, y, z satisfy 


ry +yz + zz + xyz = 4, then 
£L+HY+HZ > ry +yz+ zT. 


India, 1998 
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Solution. It is not difficult to observe that at first glance, the con- 
dition zy + yz + zx + xyz = 4 it’s not the same as the equation (3). Let 


us write the condition xy + yz + zxz + xyz = 4 in the form 


Jey” + JIZ + Vz + TY: Yz : y zz = 4. 


Now, we can use the result from example 3 and we deduce the exis- 


tence of an acute-angled triangle ABC such that 


/yz = 2 cos Á 

„y zz = 2 cos B 

«/TY = 2 cos C 
We solve the system and we find the triplet 


( = 2cosBcosC 2cosAcosC’ 2 cos Acos B 
Yn cos A  ’ cosB ’ cos C 


Hence we need to prove that 


2 cos B cos C | 2cos AcosC 2cosAcosB SB (cost Acces’ De Gy, 
cos A cos B cos C 


This one is a hard inequality and it follows from a more general 


result. 
Lemma. If ABC is a triangle and x,y,z are arbitrary real numbers, 


then 
r? + y? Lg? > 2yz cos A + 2zz cos B + 2xy cos C. 


Proof of the lemma. Let us consider points P,Q, R on the lines 
AB, BC, CA, respectively, such that AP = BQ = CR = 1 and P,Q, R 


and do not lie on the sides of the triangle. Then we see that the inequality 


is equivalent to 
(z- AP +y- BQ +z: CR)? >0, 
which is obviously true. 
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The lemma being proved, we just have to take 


ee /2cos B cos C _ /2.cos A cos C P | 2 cos A cos B 
= cos A I= cos B 3 E cos C 


in the above lemma and the problem will be solved. 

But of course, this type of identities does not appear only in inequal- 
ities. We are going to discuss two problems in which the identity is very 
well masked. 

Example 8. Find all continuous functions f : (0,00) — (0,00) 
satisfying 

Fels) = fla +7 (4). 
Sankt Petersburg 


Solution. First of all, observe that by symmetry in x,y we must 


have f (=) =H, (2) and so f(x) = f (=). Next, by taking x = y= 1 
we obtain #(1) = 2 and then f(x?) = f?(a) — 2. These relations should 
now ring a bell! It seems that we are searching for something like f(x) = 
oh + = We are right, but still far from the solution. Let’s make another 
sae ee. proving that f(x) > 2 for all x. Indeed, this is going to be 
easy, since f(x?) = f?(x) — 2 implies that f(x) > v2 for all x. Thus, 
f?(x) = f(x?) +2 > 2+ V2. Repeating this argument, we find that for 


f(a) > 24+ V21 VIF =? 


(the last equality being immediate for a beginner in analysis). 


all x we have 


Yet, till now nothing related to our theme. Wrong! Let’s observe that 


f(a?) + FW?) = Flew) (2) 


for all x,y. Indeed, it suffices to write 
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With this information, let us make one more step and write 


P) + Py) -—4 = f(a?) + Fly?) = Flay) (F(2) f(y) Fey). 


We are now on the right track, since we find that 


FP’) + Flu) + Fy) = f(x) f(y) f (ey) +4. 


Using also the fact that f(a) > 2, we deduce the existence of a con- 
tinuous function g : (0,00) — [1,0o) such that f(x) = g(x) + i The 
above relation implies of course that g(xy) = g(x)g(y). By considering 
h(x) = Ing(e”), we obtain that h is a continuous solution of Cauchy’s 
functional equation f(x +y) = f(x)+ f(y), thus h(x) = kz for a certain 
k. This shows that g(a) = z" and that our thoughts were right; these are 
all solutions of the equation (the verification of the identity is immediate 
for this class of functions). 

And finally, an apparently inextricable recursive relation. 

Example 9. Let (an)n>0 be a non-decreasing sequence of positive 


integers such that 
ag = a, = 47 and aria + az + at — An—14nGn41 = 4 for all n > 1. 


Prove that 2 + an and 2 + y2 + an are perfect squares for all n > 0. 
Titu Andreescu 


Solution. Using the idea from the chapter with real equations, we 
write an = £n + a0 with x, > 1. The the given condition becomes 
Dni =] Pas ine have used here explicitly that x, > 1), which shows 
that (lIn £n)n>0o is a Fibonacci-type sequence. Since £o = x1, we deduce 


that £n = ai”, where Fo = Fi = 1, Fa+1 = Fn + Fn_1. Now, we have to 
47 + V472? —1 


5 won't suffices. 


do more: who is x9? And the answer zo = 


Let us remark that 


CESE 
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from where we find that 


JZ + =T 


Similarly, we obtain that 


1 
4 =3 
J £o + Te 


Yim 


1 
y To 


Solving the equation, we obtain 


VT = (54) =)? 


that is zo = A8. And so we have found the general formula an = A8% + 


A~8¥n_ And now the problem becomes easy, since 
an +2 = (At + A74)? and 24+ V2 + an = (A? + A727 2)?, 


1 
All we are left to prove is that A?" + ak E€ R for all k € R. But this 


isn’t difficult, since 


1 1 
àA? + ER, M+57 ER 


Problems for training 


1. Find all triples x,y,z of positive real numbers, solutions to the 
system: 
L? +Y? +2? = ryz+4 
l zy +yz +zx=2(x+y+z) 
2. Let x,y,z > 0 such that z? + y? + 2? + xyz = 4. Prove that 


(2-a)(2-b) C Deee) & (2—c)(2—a) _ 
(2+a)(2+b) V (2+b)(2+c) (2+c¢)(2+a) 


Cristinel Mortici, Romanian Inter-county Contest 
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3. Prove that if a,b,c > 0 satisfy the condition |a?+b?+c?—4| = abc, 
then 


(a — 2)(b — 2) + (b— 2)(e — 2) + (c—2)(a — 2) > 0. 


Titu Andreescu, Gazeta Matematica 


4. Find all triples (a,b,c) of positive real numbers, solutions to the 
system 
a? +b? +e +abc=4 
i a+b+c=3 


Cristinel Mortici, Romanian Inter-county Contest 


5. Prove that in any triangle the following inequality holds 


T es? Eo 24 2 B ceol 
in In + sin cos” — cos” — cos’ —. 
ia RRE g SRE a ee 2 2 2 


6. Let x,y,z > 0 such that ry + yz + zx + xyz = 4. Prove that 


1 1 1y? 
3(= +33) > (x + 2)(y + 2)(z +2). 


Gabriel Dospinescu 


7. Prove that in any acute-angled triangle the following inequality 
holds 


AN? B\? oN? 
(= ) (2 ) (2 ) + 8 cos A cos B cos Č > 4. 


cos B 


Titu Andreescu, MOSP 2000 


8. Solve in positive integers the equation 
(z +2) (y +2)(z +2) = (z +y +2z+2)}. 


Titu Andreescu 


9. Let n > 4 be a given positive integer. Find all pairs of positive 


integers (x, y) such that 


2 
(+y _ 
n 
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Titu Andreescu 


10. Let the sequence (an)n>0, where a9 = a1 = 97 and any = 
An—1An + y — 1)(a?2_, — 1) for all n > 1. Prove that 2+ /2+ 2a, is 


a perfect square for all n > 0. 


Titu Andreescu 


11. Find all triplets of positive integers (k,l, m) with sum 2002 and 
for which the system 


BELa 
y T 
St | 

Y 
24c 
T 


has real solutions. 
Titu Andreescu, proposed for IMO 2002 
12. Find all functions f : (0,co) — (0,00) with the following prop- 
erties: 
a) f(x) + fw)+fle)t+fleyz) = FTI) Vu) f(v 22) for all x, y, 2; 
b) ifl<a<ythen f(z) < f(y). 
Hojoo Lee, IMO Shortlist 2004 
13. Prove that if a,b,c > 2 satisfy the condition a?+b?+c? = abc+4, 
then 


atb+c+actbe>2/(a+b+c+3)(a? +b? + e- 3). 


Marian Tetiva 


14. Prove that if a,b,c > 0 satisfy a? + b? + c? + abc = 4 then 
0<ab+bc+ca— abe < 2. 


Titu Andreescu, USAMO 2001 
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LOOK AT THE EXPONENT! 


Most of the times, proving divisibility reduces to congruences and 
the famous theorems from this field, such as Fermat, Euler, or Wil- 
son. But what do we do when we have to prove for example that 
lem(a, b, c)?\lem(a, b)-lem(b, c)-lem(c, a) for any positive integers a, b, c? 
Then one thing is sure: the above methods fail. Yet, another smart idea 
appears: if we have to prove that alb, then it is enough to prove that 
the exponent of any prime number in the decomposition of a is at least 
the exponent of that prime number in the decomposition of b. For sim- 
plicity, let us denote by v,(a) the exponent of the prime number p in 
the decomposition of a. Of course, if p doesn’t divide a, then vp(a) = 0. 
Also, it is easy to prove the following properties of vp(a): 

1) min{vp(a), vp(b)} < vp(a+ b) < max{vp(a), vp(b)} 

2) up(ab) = vp(a) + vp(b) 
for any positive integer numbers a,b. Now, let us repeat the above idea 
in terms of vp(a): we have ab if and only if for any prime number p 
we have v,(a) < vp(b) and we have a = b if and only if for any prime 
number p, Up(a) = vp(b). 


Some other useful properties of vp(a) are: 


3) Up(gced(a1, a2,...,@n)) = min{v,(a1), Vp(a2),.--,Up(Gn)}, 

4) up(lem(a1, a2,...,@n)) = max{vp(a1), Vp(a2),...,Up(@n)} and 

5) Up(n!) = EY + i +o = di whenever p|n. Here, 
p pP oul 


Sp(n) is the sum of digits of n when written in base b. Observe that 3) 
and 4) are simple consequences of the definitions. Less straightforward is 
5). This follows from the fact that there are H multiples of p, H are 
multiples of p? and so on. The other sate a not difficult. Indeed, let 


us write n = agp t+a,p+---+axp*, where ao, a1,..., a, E {0,1,...,p—1} 
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and ay # 0. Then 
a |e (eee k-1 k—2 
— -z| Fee = G1 1agpr: tap” +az+tazp+:::+akp “+ Fak 


and now using the formula 


ptt —1 
p-l 
we find exactly 5). Enough with the introduction, let’s see some concrete 


’ 


results. We have chosen with intention the first problem (the classical 
one) a very nasty one, so that the reader doesn’t think that all the above 
formulas were for nothing and because it offers us the opportunity to 
prove a very nice inequality. There are hundreds of variants of it in all 


contests around the world and in all elementary magazines. Let us see. 
(3a + 3b)!(2a)!(3b)!(2b)! E Z for 
(2a + 3b)!(a + 2b)!(a + b)!a!(b!)? 


Example 1. Prove that 


any positive integers a, b. 
Richard Askey, AMM 6514 


Solution. First, let us clearify something. When we write 


alt Gel Lat 


n 
we write in fact F žl and this sum has clearly a finite number of 
k>1 
non-zero terms. Now, let us take a prime p and let us apply formula 5), 


as well as the first observations. We find that 


aor aonnoncon =x: (ES + [a] [2] + B) 


T p p p p 


and also 


Up = ((2a + 3b)!(a + 2b)!(a + b)!a!(b!)?) 
e a lal ala) 
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Of course, it is enough to prove that for each k > 1 the term cor- 
responding to k in the first sum is greater than or equal to the term 
corresponding to k in the second sum. With the substitution 7 = ea 

b f £ 
y = =, we have to prove that for any nonnegative real numbers x, y we 


have 
[3x + 3y] + [2x] + [3y] + [2y] > [2x + 3y] + [x + 2y] + [x + y] + [x] + 2ly]. 


This isn’t easy, but with another useful idea the inequality will be- 


come easy. The idea is that 
[3x + 3y] = 3[z] + 3[y] + Birt + 3{y}] 


and similar relations for the other terms of the inequality. After this 
operation, we see that it suffices to prove the inequality only for 0 < 
x,y <1. Why is the new inequality easy? Because we can easily compute 
all terms, after splitting in some cases, so that to see when [2{x}], [3{y}], 
[2{y}] are 0, 1 or 2. 

We won’t continue studying these cases, since another beautiful 
problem is waiting. 

Example 2. Let a,b be positive integers such that alb?, b?|a*, a°|b®, 
b’\a’,.... Prove that a = b. 

Solution. Let us take a prime p and try to prove that vp(a) = vp(b). 
We see that the hypothesis alb?, b?|a*, a°|b®, b’|a®,... is the same as 
aint") pant? and b4"+3\a4"+4 for all natural number n. But the relation 
a‘’+!)p4n+2 can be interpreted as (4n + 1)up(a) < (4n + 2)v,(b) for all 
n, that is 


4 2 
Up(a) < lim uss 


lim v4 (0) = vb). 


Similarly, the condition b4°+3|a4"*4 implies vp(a) > vp(b) and so 


Up(@) = Up(b). The conclusion follows: a = b. 
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We have mentioned in the beginning of the discussion a nice and 
easy problem, so probably it’s time to solve it, although for sure the 
reader has already done this. 

Example 3. Prove that Icm(a,b,c)?\lem/(a, b) « lem(b, c) - lem(c, a) 
for any positive integers a, b, c. 


Solution. Let p an arbitrary prime number. We have 
vp(Iem(a, b, c)?) = 2max{x, y, z} 
and 
Up(lem(a, b) -lem(b, c) -lem(c, a)) = max{x, y} + max{y, z} + max{z, x}, 
where z = Up(a), y = vp(b), z = Up(c). So, we need to prove that 
max{x, y} + max{y, z} + max{z, x} > 2max{z, y, z} 


for any nonnegative integers x, y, z. But this is easy, since we may assume 
that x > y > z (the symmetry allows us this supposition) and the 
inequality becomes 2x” + y > 2x, obviously true. 

It is time for some difficult problems, which are all based on the 
observations from the beginning of the discussion. 

Example 4. Prove that there exists a constant c such that for any 
positive integers a,b,n that verify a! - b!|n! we havea+b<n+clnn. 


Paul Erdos 


Solution. This time the other formula for v,(n!) is useful. Of course, 
there is no reasonable estimation of this constant, so we should better 
see what happens if a! - b!|n!. Then vo(a!) + ve(b!) < ve(n!), which can 
be translated as a — s2(a) + b — s2(b) < n — sa(n) < n. So, we have 
found almost exactly what we needed: a +b < n+ s2(a) + s2(b). Now, 
we need another observation: the sum of digits of a number A when 
written in binary is at most the number of digits of A in base 2, which 


is 1 + [logs A] (this follows from the fact that 2571 < A < 2*, where 
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k is the number of digits of A in base 2). So, we have the estimations 
a+b < n+ s(a) + s2(b) <n+2+4 log, ab < n + 2 + 2logyn (since we 
have of course a,b < n). And now the conclusion is immediate. 

The following problem appeared in Kvant as a hard problem. It took 
quite a long time before an olympic found an extraordinary solution. We 
shall not present his solution; but another one, even easier. 

Example 5. Is there an infinite set of positive integers such that 
no matter how we choose some elements of this set, their sum is not an 


integer power of exponent at least 2? 
Kvant 


Solution. Let us take A = {2"-3”"*1|n > 1} If we consider some 
different numbers from this set, their sum will be of the form 2” -37+!-y, 
where (y,6) = 1. This is surely not a power of exponent at least 2, since 
otherwise the exponent should divide both x and æ + 1. Thus this set is 
actually a good choice. 

The following problem shows the beauty of elementary number- 
theory. It combines diverse ideas and techniques and the result is at 
least beautiful. This one is also a classic problem, that appeared in lots 
of mathematics competitions. 


Example 6. Prove that for any natural number n, n! is a divisor of 


Solution. So, let us take a prime number p. Of course, for the ar- 
gument to be non-trivial, we take p < n (otherwise doesn’t divide nl). 
First, let us see what happens with p = 2. We have 


va(n!) =n — se(n) <<n-1 
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and also 
n—l1 n—1 
v2 (Te — 2) =X w(2"- 2") >n-1 
k=0 k=0 
(since 2” — 2* is even for k > 1), so we are done with this case. Now, let 
us assume that p > 2. We have p|2?~' — 1 from Fermat’s theorem, so we 


also have p|2*(@-) — 1 for all k > 1. Now, 


n-1 (a1) n 
][@?-2)=2° 2 J[@*-» 
k=0 k=1 


and so, from the above remarks we infer that 


n-1 
v2 (Te = 2) z 


k=0 


yi 
S 
N 
— 
N 
= 
| 
= 
x 


k=1 
> XO (#0 — 1) > card{k|1 < k(p—1) < n} 
n 


we have found that 


But we know that 


duje an go 2 n 


and since v2(n!) € R, we must have 


ve(n!) < | l 


From these two inequalities, we conclude that 


n—1 
v2 (Te — 2) > v2(n!) 


k=0 


and now the problem is solved. 
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Diophantine equations can also be solved using the methods em- 
ployed in this topic. Here is a difficult one, given in a russian olympiad. 


Example 7. Prove that the equation 


does not have integer solutions such that 1 < ny < ng <-++ < ng. 
Tuymaada Olimpiad 
Solution. Suppose we have found a solution of the equation and let 
us consider 
P = m!na!... ngl. 


We have 


which shows that ną divides 10”. Let us write ng = 2” - 5Y. First of 
all, suppose that x,y are positive. Thus, (nı + 1)... (nk — 1)nk +: + 
(np-1 + 1)... (ng — l)n + 1 is relatively prime with 10 and it follows 


that və(ng!) = vs(ng!). This implies of course that Ea = Fa for all 
j (because we clearly have Fa > lS) and so nz < 3. A verification 
by hand shows that there is no solution in this case. 

Next, suppose that y = 0. Then (m1 +1)... (nk—1)ng+:::+(nk-1+ 
1)... (nk — 1)ng + 1 is odd and thus ve(ng!) = n < v5(np!). Again this 
implies v2(ng!) = v5(nz!) and we have seen that this gives no solution. 
So, actually x = 0. A crucial observation is that if np, > ng_, + 1, 
then (nı +1)... (nk — Lng +--+ + (nk-1 +1)... (nk — 1)nk + 1 is again 
odd and thus we find again that va(ng!) = n < u5(n x!), impossible. So, 
Nk = Np-1 +1. But then, taking into account that nz is a power of 5, we 
deduce that (nı +1)... (nk —1)nk +-+ (nk-1 +1)... (nkg— 1)ng +1 is 
congruent to 2 modulo 4 and thus v2(ng!) = n+1 < v5(ng!)+1. It follows 
that [>] <14 =| and thus nz < 6. Since nz is a power of 5, we 
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find that nk = 5, np_1 = and a quick research of all possibilities shows 
that there are no solutions. Thus, the given equation has no solution in 
natural numbers. 

A tricky APMO problem asked once upon a time to prove there is a 
number 2 < n < 2000 such that n|2” + 2. We will let to the reader the 
job to verify that 2-11-43 is a solution (and especially the job to find 
how we arrived at this number) and also the exercise to prove that there 
are actually infinitely many such numbers. Yet... small verifications show 
that all such numbers are even. Proving this turns out to be a difficult 
problem and this was proved for the first time by Sierpinski. 

Note. After the quadratic reciprocity law topic, it will be proved that 
2 11 43 is a solution of the problem. 


Example 8. Prove that for any n > 1 we cannot have n|2”~! + 1. 
S 
Solution. Although very short, the proof is tricky. Let n = J [e 


where pı < +++ < ps are prime numbers. The idea is to look at v2 Ge 1). 
Choose that p; which minimizes this quantity and write p; = 1 + 2m; 
with m; odd. Then of course we have n = 1 (mod 2”). Hence we can 
write n — 1 = 2™¢. We have 2?" = —1 (mod p;) thus we surely have 
—1 = 2?”tm = 2(P:71)t = 1 (mod p;) (the last congruence being derived 
from Fermat’s theorem). Thus p; = 2, which is clearly impossible. 

We continue with a very nice and hard problem, in which the idea of 
looking at the exponents really saves us. This problem seemed to appear 
for the first time in AMM , proposed by Armond E. Spencer. In the last 


years, it appeared in various contests. 


Example 9. Prove that for any integers a1, a@2,...,@, the number 
Qi — aj. ; 
l l ——— is an integer. 
= 
1<i<j<n 


Armond Spencer, AMM E 2637 
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Solution. This time, we consider a prime number p and we prove 


that for each k > 1, there are more numbers divisible by p” in the se- 


quence of differences (a;—aj)1<i<j<n than in the sequence (i—j)1<i<j<n- 
Since 


Up II (a; = aj) = X Nok II (a; = aj) 
1<i<j<n 


k>1 1<i<j<n 


(here N, II y | is the number of terms from the sequence A that are 
yEA 


multiples of x) and 


w| I G@-)) => | IT 6-2): 
1<i<j<n k>1 1<i<j<n 
the problem will be solved if we prove our claim. Now, let us fix k > 1 


and let us suppose that there are exactly b; indices j € {1,2,...,n} such 


that aj =i (mod p*), for each i € {0,1,...,p* — 1}. Then we have 


pe-1 b. 
Nok II (a; — aj) = `> a 
1<i<j<n 


i=0 


We see that if a; = i, then b; = ca 


=| (there are om numbers 
Pp Pp 
congruent with 7 (mod p) between 1 and n; any of them is of the form 


nm—t 
i+ jp, with0 < j < 


n 
, of course, if i = 0 we have 1 < j < —). So, 


1<i<j<n 


and it suffices to prove that 


Now, observe that we are practically asked to find the minimal 


pe-l pe-1 pr-1 
value of 2 (3). when 2 zi = n (it is clear that 2 bi = n= 
i=0 i=0 i=0 
piel re 
zl from the definition of b;). For this, let us suppose that 
: P 
i=0 
Tı < T2 S ©- < Tpk İS the n-tuple which attains the minimal 
pr-1 
value (such a n-tuple exists since the equation `> x; = n has a finite 
i=0 


number of solutions). If x,._; > zo + 1, then we consider the n-tuple 
(xo +1, 21,.--,2pk_-2, pk, — 1) which has the sum of the components 


n, but for which 


(Sa ear eas 
a) E 


The last inequality is true, since it is equivalent with x,«_; > ro+1, so it 
is true. But this contradicts the minimality of (£0, 71,...,@2,---,@pk_1)- 
So, we must have Cea < oe Fel and from here it follows that 
xi € {20,29 + 1} for all i € {0,1,2,...,p* — 1}. Thus, there is 
j € {0,1,2,...,;p" — 1} such that ap = zı = --+ = 2; and zj} = 
Tj+2 = +++ = pı = To + 1. This easily implies that the minimal 


n-tuple is in fact (|z i |) and the problem is solved. 
p i=0,p¥—1 


Finally, it is time for a challenge. 

Example 10. Let a,b two different positive rational numbers such 
that for infinitely many numbers n, a” — b” is integer. Then prove that 
a,b are also integers. 


Gabriel Dospinescu, Mathlinks Contest 


x 
Solution. Let us start by writing a = —, b= - where x,y,z are 
z z 


different natural numbers relatively prime. We know thus that z”|x” —y” 
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for infinitely many numbers n. Let M be the set of those numbers n. 
Now, assume that z > 1 and take p a prime divisor of z. Assuming that 
p does not divide x, it obviously follows that it can’t divide y. We have 
thus two cases: 

i) If p = 2, then let n such that 2”|x” — y” and write n = 2" up, 


where vn is odd. From the identity 


prin = yr ren = (x? = y”) (xen RA y”) E (g2 n = yen ten) 


it follows that 
pam k k 
v2(a" ea y”) = v9 (x 2 y”) + ` valz? Un +y? Un), 
k=0 


But et 4 gtn? +... + gy”? + yl is obviously odd (since 


Un, £, y are odd), hence 
va(z™ — y™) = v(x — y). 
Similarly, we can prove that 
va(a™ +y™) = v(x + y). 
Since for k > 0 we have 
gon y yon =a (mod 4), 
we finally deduce that 
Mun < vala” — y”) < val +y) + ve(e — y) + un — 1 (x) 


Consequently, (2“")neu is bounded, a simple reason being the in- 
equality 2% < vo(a+y) + v2(a— y) + Un — 1. Hence (un)nem takes only 
a finite number of values and from (*) it follows that (Un)nem also takes 
a finite number of values, that is M is finite. 

ii) If p is odd, then let d the smallest positive integer k such that 
p\a*—y*. Then for any n in M we will have p|z” —y”. Let z = tu, y = tv, 
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where (u,v) = 1. Obviously, tuv is not a multiple of p. It follows then 
that p|(u¢—v4, u” —v") = ul) — yr) |o(r-4) _ yd) and by the choice of 
d, we must have d|n. Take now n in M and write it in the form n = md, 
with m natural. Let A = zf, B = yt. Then p™|p"|x2” — y” = A™ — B™ 
and this happens for infinitely many numbers m. Moreover, p|A — B. 
Let R the infinite set of those numbers m. For any m in R we have 
m < v,(A™ — B”). Now, let us write m = p’j, where j is relatively 
prime with p. We clearly have 


_ API — ppi Air’ — pir 
m_ pm _ j j 
A R RP Ata Bİ `` Ar — Bie 


(we have assumed that i > 1, since the final conclusion will be obvi- 
ous in any other case). An essential observation is that we cannot have 
AI — pir" 
p’l 
Aj? — Biv’ 
p?| AIP" — BI > p?| AP) — BP) (Euler’s theorem). Yet, we also have 
i + Ewy + pip"! (p-1), From p?|A? = Bi 


for a certain k > 1. Indeed, otherwise we would have 


p?| Asp 1) 4. Asp *(P-2) pip" 
we have 


Ase (P-L) 4. 4ip**(p-2) Bap®* y... p Bap**(p-1) 


= pA") (mod p”), 


so we should have p|A, that is p|x, false. 
2 j Api — pri 
Let us prove now that we cannot hove p EB 
erwise (since p| A — B), we can write AJ = B! + wp and then a simple 


. Indeed, oth- 


computation using Newton’s binomial formula shows that 


APJ — pri : : : 
a A i(e-1) j(p-2) 4... j(p-1) 
aor A + A ot +B 

= pBie-)) 4 — BIP-2)p2 = pBi-1) (mod p?) 
and thus it would follow that p|B, that is ply, false. 
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After all, we have shown that in this case we must have 
m < Up(A™ — B”) < Up( AP — BS) +i. 
Using again the fact that A = B (mod p), we infer that 
AÏ! 4 APB +-+ BI! = jA! =j (mod p), 
which shows that 
Up(A? — BI) = w (A — B). 
Thus, for infinitely many numbers m we have 
m < vp(A — B) + [logy m], 
which is clearly impossible. 


Thus, we must have p|x and ply, contradiction with the fact that 


x,y,z are relatively prime. This shows that z = 1 and a,b are integers. 


Problems for training 
1. Prove the identity 
lem(a, b,c)? : gcd(a, b, c)? 
lem(a,b) - lem(b,c) -lem(c,a) gcd(a, b) - gcd(b, c) - ged(c, a) 


for any positive integers a, b, c. 


USAMO, 1972 
2. Let a,b,c,d be positive integers such that ab = cd. Prove that 
gcd(a, c) - gcd(a, d) = a- gcd(a, b, c, d). 


Polish Mathematical Olympiad 


3. Let aj,a2,...,a%,61,b2,...,b% be positive integers such that 
gcd(a;, bi) = 1 for all i € {1,2,...,k}. Let m — lem|[b1, b2, .. . , bg]. Prove 
that 


amı azm2 akMk 
d : PRESE = gcd(a, a2,..., ak). 
by b2 bk 


IMO Shortlist 1974 
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4. Let n such that 2”~20|n!. Prove that this number has at most 
2005 non-zero digits when written in base 2. 


5. Prove that for any natural number n we have 


(ô)! pn 


A 


R.M Grassl, T. Porter, AMM E 3123 


6. Prove the identity 


(n + 1)leMmk=0,n (;) = Iem(1,2,...,2+1) 
for any positive integer n. 
Peter L Montgomery, AMM E 2686 


7. Let 0 < a, < -+-+ < an be integers. Find the maximal value of the 
number m for which we can find the integers 0 < bi < --- < bm such 


that 


n 


Jooks Ske and Tle: = Il byl. 
k-1 k=1 k=1 


k=1 = 
Gabriel Dospinescu 


8. Prove that the least common multiple of the numbers 1,2,...,n 
equals the least common multiple of the numbers a), C) wa C) 
n 


if and only if n + 1 is a prime. 
Laurentiu Panaitopol, TST 1990 Romania 
9. Prove that for any n € N we have n!(n + 1)!(n + 2)!|(3n)!. 
Komal 


10. Prove that the product of the numbers between 2!9!7 + 1 and 


21991 _ 1 is not a perfect square. 


Tournament of the Towns, 1991 


11. Show that if n is a positive integer and a and b are integers, then 


n! divides a(a + b)(a + 2b) ... (a + (n — 1)b)bn — 1. 
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IMO Shortlist, 1985 
12. Prove that kl*’ ++! divides (k3)! 
Poland Olympiad 
13. Let x, y be relatively prime different natural numbers. Prove that 
for infinitely many primes p the exponent of p in x?! — yP~! is odd. 
AMM 


14. Let a1,...,a@n > 0 such that whenever k is a prime number of a 


power of a prime number, we have 


TEER) 
— dacs — > <l. 
FSR 
Prove that there is a unique index 7 € {1,2,...,n} such that a, + 
“+ Gn < 1+ [aj]. 


16. Find the exponent of 2 in the decomposition of the number 
gnt+1 gn 
Ca )~ (or) 


17. Prove that ()n>1 the exponent of 2 in the decomposition of 
2 gn 

the numerator of i + T +--+ —, goes to infinity as n — oo. Even 
n 


AMM 


more, prove that zən > 2” — n + 1 (hint: try to prove first the identity 


2 2 gn å ml ] 
i792 oa ea 
k=0 k 


Adapted after a Kvant problem 


18. Prove that the product of at most 25 consecutive integers is not 


a square. 


Narumi’s theorem 
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PRIMES AND SQUARES 


The study of the properties of the prime numbers is so well developed 
(yet, many old conjectures and open questions wait their solution), that 
some properties have become classical and need to be known. In this unit, 
we will try to present a unitary view over the properties of some classes of 
primes and also some classical results related to representations as sum 
of two squares. These things are not new, but they must be included 
in the mathematical culture of a serious problem-solver. Yet, in the end 
of the unit, we will discuss as usual some non-classical and surprising 
problems. So, don’t skip this unit! 

Since we will use some facts several times in this paper, we prefer to 
make some notations before discussing the problems. So, we will consider 
A,B the sets of all prime numbers of the form 44 + 1 and 4k + 3, 
respectively. Also, let C be the set of all numbers which can be written as 
the sum of two perfect squares. Our purpose is to present some classical 
things related to A,B,C. The most spectacular property of the set A 
is surely the fact that any element is the sum of two squares of positive 
integers. This is not a trivial property and we will see a beautiful proof 
for this theorem of Fermat, which is far from easy. 

Example 1. Prove that A is a subset of C. 

Solution. Thus, we need to prove that any prime number of the form 
4k+1 is the sum of two squares. We will use a very nice theorem of Thue, 


which says that if n is a positive integer and a is relatively prime with 


n, then there exist integers 0 < x,y < y/n such that ra = +y (mod n) 
for a suitable choice of the signs + and —. The proof is simple, but the 
theorem itself is a diamond. Indeed, let us consider all the pairs xa — y, 
with 0 < x,y < [Vn]. So, we have a list of ([,/n] +1)? > n numbers and 
it follows that two numbers among them give the same remainder when 


divided by n, let them be ax; — yı and azə — yo. It is not difficult to see 
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that we may assume that xı > x2 (we certainly cannot have x; = x2 or 
yı = y2). If we take x = zı — x2, y = |yi — 42|, all the conditions are 
satisfied and the theorem is proved. 

We will use now Wilson’s theorem to find an integer n such that 
p|n? + 1. Indeed, let us write p = 4k + 1 and observe that we can take 


n = (2k)!. Why? Because from Wilson’s theorem we have 


ean (mod p) =1-2...(25*) (0 P) ep- 


sque F) = (2k)!2 (mod p) 


and the claim is proved. Now, since p|n? + 1, it is clear that p and n 
are relatively prime. Hence we can apply Thue’s theorem and we find 
the existence of positive integers 0 < x,y < „p (since \/p ¢ R) such 
that p|n?a? — y?. Because p|n? + 1, we find that p|x? + y? and because 
0 < x,y < yp, we conclude that we have in fact p = x? + y*. The 
theorem is proved. 

Now, it is time now to study some properties of the set B. Since they 
are easier, we will discuss them all in a single example. 

Example 2. Let p € B and suppose that x,y are integers such that 
p\z? + y?. Then p|(x,y). Consequently, any number of the form n? + 1 
has only prime factors that belong to A or are equal to 2. Conclude that 
A is infinite and then that B is infinite. 

Solution. Let us focus on the first question. Suppose that p|(z, y) 


is not true. Then, it is obvious that xy is not a multiple of p. Because 


pla? + y?, we can write x? = —y? (mod p). Combining this with the 
observation that (x,p) = (y,p) = 1 and with Fermat’s theorem, we 
find that 1 = g”! = (1) 7 = (irs = —1 (mod p), which is 


clearly impossible. This settles the first question. The second one follows 


clearly from the first one. Now, it remains to prove the third assertion. 
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Proving that B is infinite is almost identical with the proof that there 
exist infinitely many primes. Indeed, suppose that pj, p2,...,Pn are all 
the elements of B greater than 3 and consider the odd number N = 
4p1p2..-Pn +3. Because N = 3 (mod 4), N must have a prime factor 
that belongs to B. But since p; is not a divisor of N for any i = 1,n 
the contradiction is reached and thus B is infinite. In the same manner 
we can prove that A is infinite, but this time we must use the second 
question. Indeed, we consider this time the number M = (qiq2..- qm)? + 
1, where q1, q2,---,Qm are all the elements of A and then simply apply 
the result from the second question. The conclusion is plain. 

It is not difficult to characterize the elements of the set C. A number 
is a sum of two squares if and only if any prime factor of it that also 
belongs to B appears at an even exponent in the decomposition of that 
number. The proof is just a consequence of the first examples and we 
will not insist. Having presented some basic results that we will use in 
this unit, it is time to see how many applications these two examples 
have. An easy consequence of the previous observations is the following. 

As a simple application of the first example, we consider the following 
problem, which is surely easy for someone who knows Fermat’s theorem 
regarding the elements of A and very difficult otherwise. 

Example 3. Find the number of integers x € {—1997,...,1997} for 
which 1997|xz? + (a + 1)?. 

India, 1998 


Solution. We know that any congruence of the second degree re- 
duces to the congruence z? = a (mod p). So, let us proceed and reduce 
the given congruence to this special form. This is not difficult, since 
x? +(x+1)? =0 (mod 1997) is of course equivalent to 227+ 27 +1 = 0 
(mod 1997), which in turn becomes (2x + 1)? +1 = 0 (mod 1997). 
Since 1997 € A, the congruence n? = —1 (mod 1997) surely has at 
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least a solution. More precisely, there are exactly two solutions that 
belong to {1,2,...,1996} because if no is a solution, so is 1997 — no 
and it is clear that it has at most two non-congruent solutions mod 
1997. Because (2,1997) = 1, the function x — 2x + 1 is a permutation 
of Ri997 and so the initial congruence has exactly two solutions with 
x € {1,2,...,1996}. In a similar way, we find that there are exactly two 
solutions with x € {—1997, —1996,...,—1}. Therefore there are exactly 
four numbers x € {—1997,..., 1997} such that 1997|x? + (x +1). 

From a previous observation, we know that the condition that a 
number is a sum of two squares is quite restrictive. This suggests that 
the set X is quite RARA. This conclusion can be translated in the 
following nice problem. 

Example 4. Prove that C doesn’t have bounded gaps, that is there 
are arbitrarily long sequences of integers, no term of which can be written 


as the sum of two perfect squares. 


AMM 


Solution. The statement of the problem suggests using the Chinese 
Remainder Theorem, but here the main idea is to use the complete 
characterization of the set C, that we have just discussed: C = {n € 
R| if pln and p € B, then v,(n) € 2R}. Hence we know what we have 
to do. We will take long sequences of consecutive integers, each of them 
having a prime factor that belongs to B and has exponent 1. More 
precisely, we take different elements of B, let them pj, p2, . . . , Pn (we can 


take as many as we need, since B is infinite) and then we look for a 
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solution of the system of congruences 


x=p,—1 (mod p?) 
L=p2—2 (mod pa) 


£=DP_,—n (mod p2) 

The existence of such a solution follows from the Chinese Remainder 
Theorem. Thus, the numbers «+1,2+2,...,2-+n cannot be written as 
the sum of two perfect squares, since p;|x;, but p? does not divide x + i. 
Since n is as large as we want, the conclusion follows. 

The Diophantine equation x(a +1)(x +2)... (x+n) = y" has been 
extensively studied by many mathematicians and great results have been 
obtained. But these results are very difficult to prove and we prefer to 
present a related problem, with a nice flavor of elementary mathematics. 

Example 5. Prove that a set of p — 1 consecutive positive integers, 
where p € B, cannot be partitioned into two subsets, each having the 
same product of the elements. 

Solution. Let us suppose that the positive integers x + 1,£ + 
2,...,£ + p — 1 have been partitioned into two classes X,Y, each of 
them having the same product of the elements. If at least one of them is 
a multiple of p, then there must be another one divisible by p (since in 
this case both the products of elements from X and Y must be multi- 
ples of p), which is clearly impossible. Thus, none of these numbers is a 
multiple of p, which means that the set of remainders of these numbers 
when divided by p is exactly 1,2,...,p— 1. Also, from the hypothesis it 


follows that there exists a positive integer n such that 
(z +1) +2)... (z +p- 1) =n. 


Hence n? = 1- 2(p — 1) = —1 (mod p), the last congruence being 


true by Wilson’s theorem. But from the second example we know that 
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the congruence n? = —1 (mod p) is impossible for p € B and this is the 
needed contradiction. 

The results stated in the second example are an useful tool in solving 
non-standard Diophantine equations. The technique is better explained 
in the following two examples. 

Example 6. Prove that the equation zt = y? + z2? +4 does not have 


integer solutions. 
Reid Barton, Rookie Contest, 1999 


Solution. Practically, we have to show that «* — 4 does not belong 
to C. Hence we need to find an element of B that has an odd exponent 
in the decomposition of xt — 4. The first case is when x is odd. Using the 
factorization x*—4 = (x? —2)(x?+2) and the observation that 27+2 = 3 
(mod 4), we deduce that there exists p € B such that vp(x? + 2) is odd. 
But since p cannot divide x? — 2 (otherwise p|x? + 2 — (x? — 2), which is 
not the case), we conclude that vp(x* — 4) is odd and so x* — 4 does not 
belong to C. We have thus shown that in any solution of the equation x 
is even, let us say z = 2k. Then, we must also have 4k4 — 1 € C, which 
is clearly impossible since 4k* — 1 = 3 (mod 4) and thus 4k* — 1 has 
a prime factor that belongs to B and has odd exponent. Moreover, it 
worth noting that the equation x?+y? = 4k+3 can be solved directly, by 
working modulo 4. We leave to the reader the details, which are trivial. 

The following problem is much more difficult, but the basic idea is 
the same. Yet, the details are not so obvious and, most important, it 
is not clear how to begin. It has become a classical problem due to its 
beauty and difficulty. 

Example 7. Let p € B and suppose that x,y, z,t are integers such 
that «7? + y??+ 22? = t?P. Prove that at least one of the numbers z, y, z, t 


is a multiple of p. 
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Barry Powel, AMM 


Solution. First of all, we observe that it is enough to assume that 
x,y,2Z,t are relatively prime. Next, we prove that t is odd. Supposing 
the contrary, we obtain that £? + y? + z?P = 0 (mod 4). Since a? 
(mod 4) € {0,1}, the latter implies that x,y,z are even, contradicting 
the assumption that (x,y, z,t) = 1. Hence t is odd. This implies that 
at least one of the numbers x,y,z is odd. Suppose that it is z. Now, 
another step is required. We write the equation in the form 
EP — zP 


2 2 
wa (t — 2°) 


oP +y? = 


and we look for a prime number q € B with an odd exponent in the 
decomposition of a factor that appears in the right-hand side. The best 
candidate for this factor seems to be 
p= z°P 
a a Ee Pees 
which is congruent to 3 (mod 4). This follows from the hypothesis p € B 


and the fact that a? = 1 (mod 4) for any odd number a. Thus, there 
exists q E€ B such that vg a is odd. Since z? + y? € C, it 
follows that vg(x?? + y??) is even and so v,(t? — 27) is odd. In particular 
q|t? — 2? and, because q|(t?)?~! + (t?)P-2z? +: --+(27)?—!, we deduce that 
q\pt?”-)). If q Æ p, then q|t, hence q|z and also q|a?? +y”. Because q € 
B, we infer that q|(x, y, z,t) = 1, which is clearly impossible. Therefore 
q =p and so p|x?? + y. Because p € B, we find that p|x and ply. The 
conclusion follows. 

It’s time for a hard problem. 

Example 8. Find the smallest nonnegative integer n for which there 
exists a non-constant function f : Z — [0,00) with the following prop- 


erties: 


a) f(xy) = f(x) fly); 
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b) 2f(x? + y?) — f(a) — f(y) € {0,1,...,n} for all integers a and y. 


For this n, find all the functions with the above properties. 


Solution. We will use all results proved in the beginning of the note. 
First, we will prove that for n = 1 there are functions which verify a) 
and b). We remind that A and B are the sets of all primes of the form 
4k +1 and 4k + 3, respectively. For any p € B we define: 


0, if 
EEA sad ae 


1, otherwise 

Using properties of sets A and B, one can easily verify that fp verifies 
the restrictions of the problem. Hence fp is a solution of the problem for 
any pE B. 

We will prove now that if f is non-constant and verifies the conditions 
of the problem, then n > 0. Suppose not. Then 2f (x+y?) = f(x)+f(y) 
and hence 2f°(x) = 2f(x? + 0?) = f(x) + f(0). It is clear that we 
have f?(0) = f(0). Since f is non-constant, we must have f(0) = 0. 
Consequently, we must have 2f?(x) = f(x) for every integer x. But if 
there exists x such that f(x) = . then f?(x?) 4 2f(a), contradiction. 
Thus, f(x) = 0 for any integer x and f is constant, contradiction. So, 
n = 1 is the smallest number for which there are non-constant functions 
which verify a) and b). 

We will prove now that any non-constant function f which verifies 
a) and b) must be of the form fp. We have already seen that f(0) = 0. 
Since f?(1) = f(1) and f is non-constant, we must have f(1) = 1. Also, 
2f7(x) — f(x) = 2f(x? + 07) — f(x) — f(0) € {0,1} for every integer x. 
Thus, f(x) € {0,1}. 

Since 

f?(-1) = f(1) = 1 and f(—1) € [0,00), we must have f(—1) = 1 
and f(—x) = f(—1)f(x) = f(x) for any integer x. Then, since f(xy) = 
f(x)f(y), it is enough to find f(p) for any prime p. We prove that there is 
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exactly one prime number p for which f(p) = 0. Since f is non-constant, 
there exists a prime number p for which f(p) = 0. Suppose there is 
another prime q for which f(q) = 0. Then 2f(p? + q?) € {0,1}, which 
means f(p* +q?) = 0. Then for any integers a and b we must have: 0 = 
2f(a?+b*) f(p?+9") = 2f((ap+bq)?+(aq—bp)’). Since 0 < f(x)+f(y) < 
2f(x? +y?) for any x and y, we must have f(ap+bq) = f(aq— bp) = 0. 
Since p and q are relatively prime, there are integers a and b such that 
aq — bp = 1. Then we have 1 = f(1) = f(aq — bp) = 0, contradiction. So 
,there is exactly one prime number p for which f(p) = 0. Let us suppose 
that p = 2. Then f(x) = 0 for any even z and 2f (x?+y?) = 0 for any odd 
numbers x and y. This implies that f(x) = f(y) = 0 for any odd numbers 
x and y and thus f is constant, contradiction. Therefore p E€ AU B. 
Suppose p € A. According to proposition 2, there are positive integers 
a and b such that p = a? + b?. Then we must have f(a) = f(b) = 0. But 
max{a,b} > 1 and there is a prime number q such that q| max{a, b} and 
f(q) = 0 (otherwise, we would have f(max{a,b} = 1). But it is clear 
that q < p and thus we have found two distinct primes p and q such 
that f(p) = f(q) = 0, which, as we have already seen, is impossible. 
Consequently, p € B and we have f(x) = 0 for any x divisible by p and 
f(x) =1 for any x which is not divisible by p. Hence, f must be fp and 


the conclusion follows. 


Problems for training 


1. Prove that if p € A, then it can be represented in exactly one way 
as the sum of the squares of two integers, except for the order of the 
terms. 

2. Prove that a positive integer can be written as the sum of two 
perfect squares if and only if it can be written as the sum of the squares 


of two rational numbers. 
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Euler 


3. Find all positive integers n with the property that the equation 
n = xz? + y?, where 0 < x < y and (2,y) = 1 has exactly one solution. 
4. Here is another proof of the theorem from example 1. Suppose 


that p = 4k +1 € A and let x,y € Z such that max{|z|, |y|} < 5 and 
2k 
2re( a (mod p), y = (2k)!a (mod p). Prove that p = £? + y?. 
Gauss 


5. Find all pairs of positive integers (m,n) such that 
m? — 1|3™ + (n! — 1)”. 


Gabriel Dospinescu 


6. The positive integers a,b have the property that the numbers 
15a + 16b and 16a — 15b are both perfect squares. What is the least 


possible value that can be taken on by the smallest of the two squares? 
IMO CE AN? 


7. Prove that the number 4mn — m — n cannot be a perfect square 


if m,n are positive integers. 
IMO 1984 Shortlist 


8. Find all n-tuples of positive integers (a1, a2, ...,an) such that 
(ay! — 1)(a2! — 1)... (an! — 1) — 16 


is a perfect square. 
Gabriel Dospinescu 
9. Find all pairs of positive integers (x,y) such that the number 
DD 
T +Y 


is a divisor of 1995. 


Bulgaria, 1995 
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10. Prove that the equation y2 = x° — 4 does not have integer 


solutions. 
Balkan, 1998 
11. Solve in integer numbers the equation x? = y” + 7. 
ROMOP, 2001 


12. Find all positive integers n such that the number 2” — 1 has a 


multiple of the form m? + 9. 
IMO Shortlist, 1999 


13. Prove that there exists infinitely many pairs of consecutive num- 
bers, no two of them having any prime factor that belongs to B. 


14. Prove that if n? + a € C for any positive integer n, then a € C. 
Gabriel Dospinescu 


15. Let T the set of the positive integers n for which the equation 
n? = a? + b? has solutions in positive integers. Prove that T has density 
1. 

Moshe Laub, 6583 


16. a) Prove that for any real number x and any natural number N 


one can find integer numbers p,q such that |qx — p| < rae 
b) Suppose that a € Z is a divisor of a number of the form n? + 1. 
Then prove that a € C. 
17. Find all functions f : N —> Z with the properties: 
1. if ajb then f(a) > f(b) 


2. for any natural numbers a,b we have 


f(ab) + f(a +0?) = f(a) + FQ). 
Gabriel Dospinescu, Mathlinks Contest 
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18. (for the die hards) Let Lo = 2, Lı = 1 and Ln42 = Ln+1 + Ln 
be the famous Lucas’s sequence. Then the only n > 1 such that Lẹ is a 


perfect square is n = 3. 


Cohn’s theorem 
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TS LEMMA 


T>’s lemma is clearly a direct application of the Cauchy-Schwarz in- 
equality. Some will say that it is actually the Cauchy-Schwarz inequality 
and they are not wrong. Anyway, this particular lemma has become very 
popular among the American students who attended the training of the 
USA IMO team. This happened after a lecture delivered by the first 
author at the Mathematical Olympiad Summer Program (MOSP) held 
at Georgetown University in June, 2001. 


But what exactly does this lemma say? It says that for any real 


numbers aj, G@2,...,@, and any positive real numbers 21, £2,..., £n the 
inequality 
2 2 2 2 
a a a aı+a2 +- +a 
Oe oh ih Ons MOL + an) (1) 


Tı T2 Tn £1 + £2 +: + Tn 
holds. And now we see why calling it also the Cauchy-Schwarz inequality 


is natural, since it is practically an equivalent form of this inequality: 


2 2 2 
a a a 
LpA er E) (er bate ten) 


Tı T2 Tn 


ay as aa 
> V 2. Jag tes +4/— VEn 
Tı T2 Tn 


But there is another nice proof of (1), by induction. The inductive 


step is reduced practically to the case n = 2, which is immediate. Indeed, 
it boils down to (a1z2 — axı)? > 0 and the equality occurs if and only 


a a 
pa, Applying this result twice it follows that 
LY T2 


2 2 2 2 2 2 
a a a ayı +a a ai +ag+a 

ton aig Aas (a By ila o 2 +3) 
T1 T2 T3 zı t T2 T3 zı + £2 + T3 


and we see that a simple inductive argument finishes the proof. With this 


brief introduction, let us discuss some problems. And there are plenty 
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of them given in mathematical contests or proposed in mathematical 
magazines! 

First, an old problem, that became classical. We will see that with 
Tz’s lemma it becomes straightforward and even more, we will obtain a 
refinement of the inequality. 

Example 1. Prove that for any positive real numbers a, b, c 

a? b3 3 a+b+c 
Chee Pree” CE a 


Tournament of the Towns, 1998 


Solution. We will change the left-hand side of the inequality so that 
we could apply 7>’s lemma. This is not difficult: we just have to write it 
in the form 
4 | p4 i A 
© b(b2 + be +c?) © c(e2 + ca +a?) 


a 
a(a? + ab + b?) 


It follows that the left-hand side is greater than or equal to 


(a? +b? + ¢*)? 
a? + b’ + c + ab(a + b) + belb +c) + ca(c +a) 


But we can easily observe that 
a? +b? + +ab(at+b) +bce(b+c) +ca(et+a) = (at+b+c)(a? +b? +c’), 


so we have proved an even stronger inequality, that is 


a? i b3 n c a +b + e 
a2? +ab+b? b+bce+c &@+ca+a2? 7 a+b+c 


The second example also became representative for a whole class of 
problems. There are countless examples of this type in numerous contests 
and mathematical magazines, so we find it necessary to discuss it at this 


point. 
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Example 2. For arbitrary positive real numbers a,b, c,d prove the 
inequality 


a b Cc d 2 


H Do 
b+2c+3d  c+2d+3a  d+2a+3b  a+20b4+3 3 
Titu Andreescu, IMO 1993 Shortlist 


Solution. If we write the left-hand side in the form 
a? b? e d 


ta era aaa | da+2b+ 3c)’ 


then the way to continue is clear, since from the lemma we obtain 


a b c d 


bte d ctdk druk ' a+2b+3c 


5 (a+b+c+ d)? 
T A(ab+ bc + cd+ da + ac + bd) 


Hence it suffices to prove the inequality 
3(a+b+c+d)? > 8(ab+ bc + cd+ da + ac+ bd). 
But it is not difficult to see that 
(a+b+c+d)? =a? +b? +2 +d +2(ab4+ bce+ cd+da+ac+ bd), 

implies 
8(ab ++ bc + cd+da+ac+ bd) = 4(at+b+e4d)?—4(a? +++’). 

Consequently, we are left with the inequality 

A(a? + +e +4") > (atb+cr+d)’, 


which is just the Cauchy-Schwarz inequality for four variables. 
The problem below, given at the IMO 1995, was discussed exten- 
sively in many publications. It could be also solved by using the above 


lemma. 
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Example 3. Let a,b,c be positive real numbers such that abc = 1. 


Prove that 
1 1 1 3 


Peis 
aè (b+c) bb (c+a) ES (a+b) ~ 2 


Solution. We have: 


1 1 1 
1 1 1 zZ 


a3(b+ c) TESA (a+b) alfb+ce)  ble+a) c(e+a) 


koty i 
a b c _ (ab+bc+ca)? _abtbe+ca 3 
= 2(ab+bc+ca) 2(ab+bc+ca) — 2 Ie 


the last inequality following from the AM-GM inequality. 

The following problem is also not difficult, but it uses a nice combi- 
nation between this lemma and the Power-Mean inequality. It is another 
example in which proving the intermediate inequality (that is, the in- 
equality that remains to be proved after using the lemma) is not difficult. 


Example 4. Let n > 2. Find the minimal value of the expression 


x x z 


+ peset ; 
T2 + T3 +’: tEn Ti+ z3 +: + Ly tı + Lets F Ly-1 


where £1, £2, ..., £n are positive real numbers satisfying x? + x2 +--+ 
r? =1. 


Turkey, 1997 


Solution. Usually, in such problems the minimal value is attained 


when the variables are equal. So, we conjecture that the minimal value 


1 1 

is ———— attained when z1 = £2 = -+ - = £n = —=. Indeed, by using 
n(n — 1 n 

the lemma, it follows that the left-hand side is greater than or equal to 


(a) 


n 
XO aa(ai ++ Bia + Tii HH En) 
i=1 
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But it is not difficult to observe that 


II 
aS 
iM» 
I 
8 
nn_” 
N 
| 
= 


n 
XO (£i + + ti + Tii HH En) 
i=l 


So, proving that 


zi z3 zn 
f pereat 
LAM +HEn £i + T3 +: +Tn tittat itina 
= 1 
T n(n —1) 


P 2 
P 2 2 z) l 
0) 
i=1 
But this is a simple consequence of the Power-Mean inequality. In- 


deed, we have 


1 1 
n 3 n 5 n 
X 3 X i 2 X ) ; 
Ti Ti Ti 
i=1 > i=1 > i=1 , 
n n n 


implying 
1 n 
3 
x? > — and Vti S vn. 
The conclusion follows. 


In 1954, H.S.Shapiro asked whether the following inequality is true 


for any positive real numbers aj, a2,...,@n: 
ay ag Gn, n 
+ ess ae 
a2 +a3 a3g+ag a, + a2 2 


The question turned out to be extremely difficult. The answer is 
really unexpected: one can prove that the inequality is true for all n = 


3,4,5,6,7 (and for all small values of n the shortest proof is based on 
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this lemma), but it is false for all even numbers n > 14 as well as for 
sufficiently large odd numbers n. Let us examine the case n = 5, a 
problem proposed for MOSP 2001. 

Example 5. Prove that for any positive real numbers aj, a2, a3, A4, 


a5, 5 
a a a a a 
aes in 3 g ee es 
a2+a3 a3+a4, a4t+a5 asta, aytag” 2 
Solution. Again, we apply the lemma and we conclude that it suf- 


fices to prove the inequality 
(ay + a2 + a3 + a4 + as)” 
5 
3 zla (a2 + a3) + a2(a3 + a4) + a3(a4 + a5) + a4(a5 + a1) + a5(a1 + a2)] 
Let us denote a; + ag + a3 + a4 + a5 = S. Then we observe that 


a1 (a2 + a3) + a2(a3 + a4) + a3(a4 + a5) + a4(a+5 + a1) + a5(a1 + a2) 
= aı(S — a1) + a2(S — a2) + a3( S — ag) + a4( S — a4) + a5(S — as) 


With this identity, we infer that the intermediate inequality is in fact 


5 
(a1 + a2 + ag + a4 + as)? > 5(S° a? — aż — aż — a? =e); 


equivalent to 5(a? + a3 + a3 + a3 + a?) > S°, which is nothing else then 
the Cauchy-Schwarz inequality. 

Another question arises: is there a positive real number such that 
for any positive real numbers aj, a@2,...,@, and any n > 3 the following 
inequality holds: 

ay a2 an 


) Pant 2 cn. 
a2 + a3 a3 + a4 ay + ag 


This time, the answer is positive, but finding the best such constant 
is an extremely difficult task. It was first solved by Drinfield (who, by 


the way, is a Fields’ medalist). The answer is quite complicated and we 
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will not discuss it here (for a detailed presentation of Drinfield’s method 
the interested reader can consult the written examination given at ENS 
in 1997). The following problem, given at the Moldavian TST in 2005, 
shows that c = /2 — 1 is such a constant (not optimal). 


For any a1, 4@9,...,@, and any n > 3 the following inequality holds: 
a a a 
LO 4 —*_4...4 —*_ > (V2-1)n. 
a2 + a3 a3 + a4 ay + ag 


The proof is completely elementary, yet very difficult to find. An in- 
genious argument using the arithmetic-geometric means inequality does 


the job: let us write the inequality in the form 


a, + a2 + a3 | GS EM y | Gia SOAs 5 sip 


ag + ag a3 + a4 ay + ag 


Now, using the AM-GM inequality, we see that it suffices to prove 
the stronger inequality: 


a TA ME a y a YS 
az + a3 a3 + a4 a1 + a2 


Observe that 


Qi+1 Qi+1 
2 T 2 


2 
(a; + aiti + 42)? = (ai $ + ai42) 


>4 (a: 4 att) (= 


2 
(the last inequality being again a consequence of the AM-GM inequal- 


ity). Thus, 


F ai+2) 


n 


n n 
[[@ + aj41 + aj42)? > [ [Ga + ai41) J [Ce + ai41). 
ii ii iSi 


Now, the real trick is to rewrite appropriately the last products. Let 


us observe that 


n n 


J [Ca + ai41) = J [2an + ai), 


i=1 i=1 


SO 


n 


n n 
II 2a; + A441 JIR 2a442 + ai41) = J [lea + ai41) (a4 + 20;41)] 
ii i=1 =A 


n 


n 2 
> [er (ai + ai41)°) = 2” (ire + ain) . 


i=1 
The PN now follows. 
This lemma came handy even at the IMO 2005 (problem 3). In order 
to prove that for any positive real numbers z, y, z such that xyz > 1 the 


following inequality holds 
D aera 
So ee ee 
L5 + y? ++ 2? 


a few students successfully used the above mentioned lemma. For exam- 


ple, a student from Ireland applied this result and called it ” SQ Lemma”. 
During the coordination, the Irish deputy leader explained what ” SQ” 


stood for: ”...escu”. A typical solution using this lemma is as follows: 


4 4 4 2 2 252 

zZ 

+y t= aes 5 
l y 2 re ee 
= -+y +z 
T x 


hence 


x? + y? + 2? zY +z zY +H Yz + zz 
D sp2 2 Ss 24 r ft 2472452) — 
r5 +y? +z r? +y +z zyz(z? + y? + 2?) 

It is now time for the champions. We begin with a difficult geometric 
inequality for which we have found a direct solution using T>’s lemma. 
Here it is. 

Example 6. Prove that in any triangle ABC the following inequality 
holds 


Tab | Tore Tela 


> 3. 


T 
MaMpyp MMe MeMa 


Ji Chen, Crux Mathematicorum 
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Solution. Of course, we start by translating the inequality into an 
algebraic one. Fortunately, this is not difficult, since using Heron’s rela- 


tion and the formulas 


K V/ 2b? + 2c? — a? 
5 Ma = 
s—a 2 


ie 


and the likes the desired inequality takes the equivalent form 
(a+b+c)(b+c—a) 3 (a+b+c)(c+a-— b) 
V2a2 + 2b2 — 2 - \/2a2 + 22? — b?  V2b2 + 2a? — c2 - V202 + 2c? — a? 
(a+b+c)(a+b—-c) = 
V2c2 + 2b? — a2. V2? + 2a? — BF 
In this form, the inequality is more that monstrous, so we try to 


see if a weaker form holds, by applying the AM-GM inequality to each 
denominator. So, let us try to prove the stronger inequality 


2iat+b+c)\(c+b—a) 2(a+b+c)\(c+a—b) 
4a? + b? +c? 4b? + E + a? 


2(a+b+c)(a+b—-c) 


> 3. 
4c? + a? + b2 = 
Written in the more appropriate form 
c+b-a — c+a-—b a+b—c 3 


T > 
4a? +b? +c? 4b? +c? +a? 4c? +a? +b? ~ 2(a+b+0c) 
we see that by 7T>’s lemma the left-hand side is at least 


(a+b+c)? 
(b+ c—a)(4a? + b? + c2) + (c+ a — b)(4b? + a? + c2) + (a+ b— c)(4c? + a? + b2) 


Basic computations show that the denominator of the last expression 


is equal to 
4a?(b+ c) + 4b?(c + a) + 4c?(a + b) — 2(a? +b? +c?) 


and consequently the intermediate inequality reduces to the simpler form 


3(a? +b? + 2) + (a+b+0)? > 6fa?(b + c) +b? (c +a) + c(a +b). 
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Again, we expand (a + b+ c)? and obtain the equivalent inequality 
4(a? +b? + cê) + babe > 3ja? (b +c) +b? (c +a) + e(a +b), 
which is not difficult at all. Indeed, it follows from the inequalities 
4(a? +b? +c?) > 4[a?(b+ c) +b? (c+ a) + c? (a + b)] — 12abc 


and 
a? (b +c) +b? (c +a) + 2a + b) > babce. 


The first one is just an equivalent form of Schur’s inequality, while 


the second follows immediately from the identity 
2 2 2 i, 2 2 2 
a (b+c)+b (c+a)+c (a+b) —6abc = a(b—c)* +b(c—a)* + cla — b)’. 


After all, we have managed to prove the intermediate inequality, 
hence the problem is solved. 

The journey continues with a very difficult problem, given at the 
Japanese Mathematical Olympiad in 1997 and which became famous due 
to its difficulty. We will present two solutions for this inequality. The first 
one uses a nice combination between this lemma and the substitution 
discussed in the unit ” Two useful substitutions”. 

Example 7. Prove that for any positive real numbers a,b,c the 
following inequality holds 

(b+c-a)? 


(cta—b)? (a+b-c)? oe 
a? + (b+ c)? 


b2 + (c+a)} c%+(a+b)? 75 
Japan, 1997 


Solution. Of course, from the introduction to this problem, the 
reader has already noticed that it is useless to try a direct application of 


the lemma, since any such approach is doomed. But with the substitution 


b+c c+a a+b 
T = Fi y = 9 a= 3 
a b c 


we have to prove that for any positive real numbers 2, y,z satisfying 
xyz = x + y + z +2, the inequality 


(x-1? _ (-1? ly a8 
etl) y2+1 z22+1 5 


holds. It is now time to use Tọ’s lemma in the form 


(z-1? -9° -1° (@+y+z-37 
z? +1 y? +1 2+1 7 rety tz +3 


Hence it is enough to prove the inequality 


(x+y+2z—-3)? 3 
r? +y? ee 3. 


But this is equivalent to 
(at yt z)? —15(z +y + z) +3(zy +yz + zr) + 18 > 0. 


This is not an easy inequality. We will use the proposed problem 3 
from the unit ” Two useful substitutions” to reduce the above inequality 


to the form 
(x+y +z) —9(£+y+z)+18 > 0, 


which follows from the inequality « + y + z > 6. And the problem is 
solved. 

But here is another original solution. 

Alternative solution. Let us apply 7>’s lemma in the following 


form: 
(b+c-a)}  (ce+a-b)? 
a? + (b+)? b%?+(c+a)? 


(a +b- c)? 
c + (a+b)? 


((b + c)? — a(b + ¢))? 


~ @(b+e)2 + (b+c)4 | 


((e + a)? — blc + a))? J ((a + b)? — c(a + b))? 
b2(c+a)?+(c+a)t  c2(a+ b)? + (a+b) 


a A(a? + b? + e)? 
T a2(b+c)2 + b(c+ a)? + (a+ b)? + (a+ b)4 + (b+ 0)44+ (c+ a) 
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Consequently, it suffices to prove that the last quantity is greater 
3 
than or equal to 5° This can be done by expanding everything, but here 


is an elegant proof using the observation that 
a’ (b+c)? +b (ca)? + e(a b)? + (a+b)? + (bot (e+ a) 
= [(a+ 6)? + (b+ c)? + (c +a)? (a? +B? + e°) 
+2ab(a + b)? + 2be(b + c)? + 2ca(c + a)?. 
Because 
(a+b)? + (b+)? + (c+a)? < 4a? ++’), 
we observe that the desired inequality reduces to 
2ab(a + b)? + 2bc(b + c)? + 2ca(c +a)? < (a? +Ê. 
But this inequality is not so difficult. Indeed, first we observe that 
2ab(a + b)? + 2bc(b + c)? + 2ca(c + a)? 
< 4ab(a? +b’) + 4bc(b? + °) + 4ca(c? + a”). 
Then, we also find that 
4ab(a? +b?) < af + bt + 6a?b?, 
since (a — b)* > 0. Hence 
4ab(a? + b?) + 4bc(b? + °) + 4ca(c? + a”) < 2(a? +b? He)? 
+2(a7b? + bc? + 2a?) < (a + b? + c*)? 
and so the problem is solved. With minor changes, we can readily see 
that this solution works without the assumption that a, b, c are positive. 


We end this discussion (which remains probably permanently open) 


with a difficult problem, based on two hidden applications of T’s lemma. 
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Example 8. Let a1,a2,...,an > 0 such that aj +a2+---+a, =1. 
Prove that: 


(a1a2+a2a3 +: :+aņnaı) Be E a L 
ere nal a2 + ag a2 + az a +a “n+l 


Gabriel Dospinescu 


Solution. How can we get to aja2 + a2a3 +--+ + anaı? Probably 
2 2 2 
a a a 
from —!- + —2- +... + — after we use the lemma. So, let us try 
aj,ag a243 Ana 
this the following estimation: 


2 2 2 
a, ag An ay a5 a 1 
+4 fo= + +." > 
ag a3 ay a102 Q203 Anat, ajyag + a203 +: + anai 


The new problem, proving that 


ay a2 a n ay ag a 
5 +5 +r + ay" > +*+ 
a+ az a+ a3 aj +a, n+1 \a? ag ay 
seems even more difficult, but we will see that we have to make one more 


step in order to solve it. Again , we look at the right-hand side and we 


., Ql a2 an 
write ale tapes} as 
2 a3 ay 
at ag a 2 

n 

= 4+ — 

ag a3 at 

ay a2 an 

+= fee fp 

a2 a3 ay 


2 
ay 
a1 i a2 , i An S (=) 


. { . 
2 2 l eo) = ay! az tit a 
az +a: az + a3 ara at> a+— an + — 
a2 a3 ay 
at ag a $ 
n 
( | a a | z) 
Ž “a m 
n 
Dep n = 
2 a3 ay 


And we are left with an easy problem: if t = a +4 i, then 
a2 ay 


t 
> as or t > n. But this follows immediately from the AM-GM 
LFE n+l 


inequality. 


Problems for training 


1. Let a,b, c,d be positive real numbers such that a+b+c+d=1. 


Prove that 
a? b2 Ce d? 


+ H H >. 
a+b b+c c+d d+a ` 2 


Ireland, 1999 


2. Let a,b,c, be positive real numbers satisfying a? + b? + c? = 3abc. 


Prove that 


a if b c 9 
bE ea? ' a2b? ~atb+e 
India 
3. Let £1, %2, .. . , Zn, Y1, Y2, - - - , Yn be positive real numbers such that 


£1 + L2 +: + En 2 Lyi + T2Y2 +`: F Lnyn- 


Prove that 


ryta + ton S +t et. 
Yı Y2 Yn 


Romeo Ilie, Romanian Olympiad, 1999 
4. For arbitrary positive real numbers a, b,c prove the inequality 


a b c 


| >i. 
Pde Ob ln a+2b — 
Czech-Slovak Competition, 1999 


5. Prove that for any positive real numbers a, b, c satisfying a+b+c = 


a b c 9 
> 


1+be ita Ton 


India 
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6. Prove that for any positive real numbers a, b, c,d satisfying ab + 
bc + cd + da = 1 the following inequality is true 
a? b3 3 d? 1 
| + + Zigi 
b+c+d c+d+a d+a+b a+b+c 3 
IMO 1990 Shortlist 


7. Prove that if the positive real numbers a, b, c satisfy abc = 1, then 


a b c 


+ 1 > 
b+c+1 c+a+1 a+b+1` 


Vasile Cartoaje, Gazeta Matematica 


8. Prove that for any positive real numbers a,b,c the following in- 
equality holds 


a+be b?+ca @+ab 
>a+b+c. 
b+c c+a a+b 


Cristinel Mortici, Gazeta Matematica 


9. Prove that for any nonnegative real numbers £1, £2,..., Zn, 
LY T2 x 
+++++——*_ >2 
Tn + £2 +X Zn—1 + XL 


Tournament of the Towns, 1982 


10. Prove that for any positive real numbers a,b,c, d,e satisfying 


abcde = 1, 


a + abc b+ bcd c+ cde 
1+ab+abcd 1+bc+bcde 1+ cd+ cdea 
d+ dea e + eab > 10 


1+de+deab 1+ea+eabc^ 3° 
Waldemar Pompe, Crux Mathematicorum 


11. Prove that for any positive real numbers a,b,c the following 


inequality holds 


a 4 b 2 c 2 3 ++ 
+ + Bias . 
b+e cta a+b 4 ab+bc+ ca 


Gabriel Dospinescu 
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12. Let n > 4 an integer and let a1, a2,...,@n be positive real num- 


bers such that a? + aĝ +--- +a? = 1. Prove that 
ao jp 208. 2%, An = 4 
a3 +1 a? +175 


ap (a1y/ar + azaz + ++: + anyan)”. 
3 


Mircea Becheanu, Bogdan Enescu, TST 2002, Romania 


13. Find the best constant k(n) such that for any positive real 
numbers a1,4a2,..., an satisfying a1a2...an = 1 the following inequality 
holds 

a1a2 a243 ana 
(a+ aa)(a3 ta) (a2 + aa)(a2 +a) | (a2 + a1)(a? + az) 


j 
Gabriel Dospinescu, Mircea Lascu 


< kn. 


14. Prove that for any positive real numbers a, b, c, 
(Qa+b+c)* | (2b+e+a)? | (2c+a+6)? 2% 
2a2+(b+c)2 2b? + (c+a)? | 22+ (a+b) 7 ` 

Titu Andreescu, Zuming Feng, USAMO 2003 
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ONLY GRAPHS, NO SUBGRAPHS! 


There were so many strategies and useful ideas till now, that the 
reader might say: enough with this game of tricks! When shall we go 
to serious facts? Not only that we will ’dissapoint” him again, but we 
will try also to convince him that these are more than simple tools and 
tricks. They help to create a good base, which is absolutely indispensable 
for someone who enjoys mathematics and moreover, they are the first 
step to some really beautiful and difficult theorems or problems. And the 
reader must admit that the last problems discussed in the previous units 
are quite serious facts. It is worth mentioning that they are not panacea. 
This assertion is proved by the fact that each year problems that are 
based on well-known ” tricks” prove to be very difficult in contests. 

We will focus in this unit on a very familiar theme: graphs without 
complete subgraphs. Why do we say familiar? Because there are hun- 
dreds of problems proposed to different contests around the world and in 
mathematical magazines that deal with this subject and each one seems 
to add something. Before passing to the first problem, we will assume 
that the basic knowledge about graphs is known and we will denote by 
d(A) and C(A) the number, respectively the set of vertices adjacent to 
A. Also, we will say that a graph does not have a complete k subgraph 
if there aren’t k vertices any two of them connected. For simplicity, we 
will say that G is k-free. First, we will discuss probably the first classical 
result about triangles-free graphs, the famous Turan’ theorem. But be- 
fore that, an useful lemma, which is also known as Zarankiewicz lemma 
and which is the main idea in Turan’ theorem’ proof. 

Example 1. If G is a k-free graph, then there exists a vertex having 


degree at most sea 
B keai N 


Zarankiewicz 
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Solution. Suppose not and take an arbitrary vertex A;. Then 
k-2 
so there exists Ag € C( A1). Moreover, 
|C(A1) N C(A2)| = d(A1) + d(Az) — |C (A1 U A2)| 


sa (1 [ER >e 


Pick a vertex A3 € C(A1) N C(A2). A similar argument shows that 


IC(41) N C(42) N C(43)| > 3 (1 4 i) — 2n. 


Repeating this argument, we find 


k—2 
Ag € C(A1) N C(A2) NC(A3),---, Ani € () C(A). 


> (1+ [$a] (j —1)n. 


This can be proved easily by induction. Thus, 


Also, we have 
j 
()c(Ai) 


i=1 


~~ k—2 
Feta > a2 (1+ E] a2 >0 
i=1 
and consequently we can choose 
k-1 
Ag € { ) C(Ai) 


i=1 
But it is clear that A1, A2,..., Ak form a complete k graph, which 
contradicts the assumption that G is k-free. 
We are now ready to prove Turan’ theorem. 


Example 2. The maximal number of edges of a k-free graph with 


k-2 Le ae r 
2 k-1 ` W’ 
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vertices is 


where r = n (mod k — 1). 
Turan’ theorem 


Solution. The theorem will be proved by induction on n. Since the 
first case is trivial, let us suppose the theorem true for all k-free graphs 
having n — 1 vertices and let G a k-free graph with n vertices. Using 


Zarankiewicz’ lemma, we can find a vertex A such that 


d(A) < h : 


Since the subgraph determined by the other n—1 vertices is obviously 


k-free, using the inductive hypothesis we find that G has at most 


k-2 _k=2 (n de r? rı 
k-1 | k-1 2 A2 


edges, where rı = n — 1 (mod k — 1). 
Let n = q(k—1)+r = qg(k—1)+rı +1. Then rı € {r—1,r+k—-2} 


(this is because r — rı = 1 (mod k — 1)) and it is easy to check that 


k-2 | k-2 St, rı\ k-2 Pori r 
haa" eat 2 2) 72 k I 2 


and the inductive step is proved. Now, it remains to construct a k- 
2 25 


_9 z 
eon J edges. This is 


free graph with n vertices and S ET + 9 
not difficult. Just consider k — 1 classes of vertices, r of them having 
q+ 1 elements and the rest q elements and join the vertices situated in 
different groups: It is immediate to prove that this graph is k-free, has 
k-2 n°-r 


y oe + (5) edges and also the minimal degree of the vertices 


k-1 
T(n,k). 


These two examples generate lots of beautiful and difficult problems. 


k-2 
is | n|. This graph is called Turan’ graph and it is denoted by 


For example, knowing them means a straightforward solution for the 


following bulgarian problem. 
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Example 3. There are 2001 towns in a country, every one of which is 
connected with at least 1600 towns by a direct bus line. Find the largest 
n for which it is always possible to find n towns, any two of which are 


connected by a direct bus line. 
Spring Mathematics Tournament, 2001 


Solution. Practically, the problem asks to find the maximal n such 
that any graph G with 2001 vertices and minimum degree at least 1600 
is not n-free. But Zarankiewicz’ lemma implies that if G is n-free, then 
at least one vertex has degree at most [= =2001 . So, we need the 
maximal n for which r — 2001 < 1600. It is immediate to see that 
it is n = 5. Thus, if sE 5 then any such graph G is not n-free. It 
suffices to construct a graph with all degrees of the vertices at least 
1600, which is 6-free. We will take of course T(2001,6), whose minimal 
degree is 52001] = 1600 and which is of course 6-free. Thus, the answer 
isn=5d. 

Here is a beautiful application of Turan’ theorem in combinatorial 
geometry. 

Example 4. Given are 21 points on a circle. Show that at least 100 
pairs of points subtend an angle smaller than or equal to 120 at the 


center. 
Tournament of the Towns, 1986 


Solution. In such problems, it is more important to choose the 
right graph than to apply the theorem, because as soon as the graph is 
appropriately chosen, the solution is more or less straightforward. Here, 
we will consider the graph with vertices in the points and we will connect 
two points if they subtend an angle smaller than or equal to 120 at the 
center. Therefore, we need to prove that this graph has at least 100 


edges. It seems that this is a reversed form of Turan’ theorem, which 
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maximizes the number of edges in a k-free graph. Yet, the reversed form 
of a reversed form is the natural one. In the aim of this principle, let 
us look at the ”reversed” graph, the complementary one. We must show 
that it has at most (| — 100 = 110 edges. But this is immediate, since 
it is clear that this new graph does not have triangles and so, by Turan’ 


—1 
= 110 edges. And the problem is solved. 


theorem it has at most 

At first glance, the following problem seem to have no relation with 
the previously examples, but, as we will see, it is a simple consequence 
of Zarankiewicz’ lemma. This problem is an adaptation of a USAMO 
1978 problem. Anyway, this is trickier than the contest problem. 

Example 5. There are n delegates at a conference, each of them 
knowing at most k languages. Anyway, among any three delegates, at 
least two speak a common language. Find the smallest number n (in 
terms of k) such that it is always possible to find a language spoken by 
at least three delegates. 

Solution. We will prove that n = 2k + 3. First, we prove that if 
there are 2k + 3 delegates,then the conclusion of the problem holds. 
The condition ”among any three of them there are at least two who 
can communicate” suggests us to take the 3-free graph with vertices 
in the persons and whose edges join persons that cannot communicate. 
From Zarankiewicz’ lemma, there exists a vertex whose degree is at most 
Bi = k+ 1. Thus, it is not connected with at least k+ 1 other vertices. 
Therefore, there exists a person A and k + 1 persons Aj, Ao,..., Ak+1 
that can communicate with A. Since A knows at most k languages, there 
are two persons among Aj, Ao,..., Ap that know a language also known 
by A. But that language is known by at least three delegates and we are 
done. It remains to prove now that we can create a situation in which 
there are 2k + 2 delegates, but no language is known by more than two 


delegates. We use again Turan’ graph, by creating two groups of k + 1 
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delegates. In each group a person will have a common language with 
each other person from the group and will not have common languages 
with the members of the other group. Of course, any language is spoken 
by at most two delegates and there are no triangles. 

The following problem turned out to be a surprise at one of the Team 
Selection Tests for 2004 IMO, being solved by 4 contestants. The idea is 
even easier than in the previous problems, but this time we need a little 
observation, that is not so obvious. 

Example 6. Let Aj, A2,..., A101 be different subsets of the set 
{1,2,...,n}. Suppose that the union of any 50 subsets has more than 
51” elements. Prove that there are three subsets among them, any two 


of them having common elements. 
Gabriel Dospinescu, TST 2004 Romania 


Solution. Of course, as the conclusion suggests, we should take a 
graph with vertices in the subsets, connecting two subsets if they have 
common elements. Let us assume that this graph is 3-free. The main 
idea is not to use Zarankiewicz’ lemma, but to find much more vertices 
with small degrees. In fact, we will prove that there are at least 51 
vertices whose degree are smaller than or equal to 50. Suppose this is 
not the case, thus there are at least 51 vertices whose degrees are greater 
than 51. Let us pick such a vertex A. It is connected with at least 51 
vertices, thus it must be adjacent to a vertex B, whose degree is at 
least 51. Since A and B are each connected with at least 51 vertices, 
there is a vertex adjacent to both, so we have a triangle, contradicting 
our assumption. Therefore, we can find A;,,...,Aj,,, all of them having 
degrees at most 50. Consequently, A;, is disjoint from at least 50 subsets. 


50 
Since the union of these subsets has more than 5” elements, we infer 
n 


50 
that |A| <<n— Bt" = T In a similar way, we obtain that |A; | < a 
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for all j € {1,2,...,51} and so 


50 
< =n, 


|A U Aig U -++ U Aizo 5] 


< |Ai,| heer |Aiso 


which contradicts the hypothesis. And the solution ends here. 
We end the discussion with an adaptation of a very nice and quite 
challenging problem from the American Mathematical Monthly. 
Example 7. Prove that the complementary of any 3-free graph with 
n vertices and m edges has at least 


ADE) +2 (m a), 


triangles. 
A.W Goodman, AMM 


Solution. Believe it or not, the number of triangles from the com- 
plementary graph can be expressed only in terms of the degrees of the 
vertices of the graph. More precisely, if G is the graph, then the number 


of triangles from the complementary graph is 


(5) = ; X d(x)(n - 1-d(2)), 


rex 


where X is the set of vertices of G. Indeed, consider all triples (x, y, z) of 
vertices of G. We will count the triples that do not form a triangle in the 


complementary graph G. Indeed, consider the sum `> d(x)(n—1-d(x)). 
rex 
It counts twice every triple (x, y, z) in which are connected, while z is not 


adjacent to any of x, y: once for x and once for y. But it also counts twice 
every triple (x, y, z) in which y is connected with both z, z: once for x and 


1 
once for z. Therefore, 5 D d(x)(n — 1 — d(x)) is exactly the number of 


rex 
triples (x,y,z) that do not form a triangle in the complementary graph 


(here we have used the fact that G is 3-free). Now, it is enough to prove 
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Using the observation that > d(x) = 2m, after a few computations 


rex 
we find the equivalent form of the inequality 


So P(x) >, 


rex 
But this is exactly the Cauchy-Schwarz inequality combined with 


the observation that 


S > d(x) = 2m. 


Problems for training 
1. In a country there are 1998 cities. In each group of three cities, 
at least two are not directly connected. What is the maximal number of 
direct flights? 

Japan, 1998 
2. Let £1, 2%2,...,%n be real numbers. Prove that there are at most 
i pairs (i, j) € {1,2,..., n} x {1,2,... n} such that 1 < |z; — x;| < 2. 
MOSP, CE AN? 
3. If n points lie on a circle, then at most u segments connecting 

them have length greater than v2. 
Poland, 1997 
4. Let G be a graph with no triangles and such that no point is 
adjacent to all the other vertices. Also, if A and B are not joined by 
an edge, then there exists a vertex C such that AC and BC are edges. 


Prove that all vertices have the same degree. 


APMO 1990 
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k 
5. Show that a graph with n vertices and k edges has at least ge 
n 
n?) triangles. 
APMO 1989 


6. Let A be a subset of the set S = {1, 2, . . . , 1000000} having exactly 
101 elements. Prove that there exist t1, t2,...,t100 € S such that the sets 
A; = {x + tj|x € A} are pairwise disjoint. 

IMO 2003 

6. There are 1999 people participating in an exhibition. Out of any 
50 people, at least 2 do not know each other. Prove that we can find at 
least 41 people who each know at most 1958 other people. 

Taiwan, 1999 


7. A graph with n vertices and k edges is 3-free. Prove that we 
can choose a vertex such that the subgraph induced by the remaining 
vertices has at most k (1 — =) vertices. 

USAMO 1995 

8. Prove that for every n one can construct a graph with no triangles 
and whose chromatic number is at least n. 

9. A graph with n? + 1 edges and 2n vertices is given. Prove that it 
contains two triangles sharing a common edge. 


China TST, 1987 


10. We are given 5n points in a plane and we connect some of them, 
so that 10n? + 1 segments are drawn. We color these segments in 2 


colours. Prove that we can find a monochromatic triangle. 
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COMPLEX COMBINATORICS 


When reading the title, one will surely expect a hard unit, which will 
show what a complex field is combinatorics. Unfortunately, this was not 
our intention. We ”just” want to discuss some combinatorial problems 
that can be solved elegantly using complex numbers. In this moment, 
the reader will probably say we are crazy, but we will continue our 
idea and say that complex numbers can play a very important role in 
counting problems and also in problems related to tilings. There are also 
numerous applications in combinatorial number theory, so our purpose 
is to present a little bit from each of these situations. After that, the 
reader will surely have the pleasure of solving the proposed problems 
using this technique. For fear of useless repetition, we will present in the 
beginning of the discussion a useful result 

Lemma. If p is a prime number and ag, a1,...,ap—1 E Q satisfy the 


relation 
ag + aye + age? + +++ + pie?! = 0, 
where 
E= a + isin an 
P P 
then ao = a1 =+: = Gp-1. 

We will say just a few words about the proof, which is not difficult. It 
is enough to observe that the polynomials ag +a 2+ ax? +-+++@p—12?} 
and 1+a+a7+---+a?—! cannot be relatively prime-because they share 
a common root-and since 1+ 2+ x? +--+ 2?! is irreducible over Q, 
l+ao+a7+---+2°?-! must divide ap + aix + asr? +--+ aga, 
which can only happen if ag = a1 = --: = Gp_1. Therefore, the lemma 
is proved and it is time to solve some nice problems. Not before saying 
that in the following examples m(A) will denote the sum of the elements 


of the set A. By convention m(0) = 0. 
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The first example is an adaptation from a problem given in the Inter- 
County Contest ” Traian Lalescu”. Of course, there is a solution using 
recurrent sequences, but it is by far less elegant than the following one. 

Example 1. How many numbers with n digits, all equal to 1, 3, 4, 
6, 7, 9 are divisible by 7? 

Solution. Let a) be the number of n-digits numbers, formed using 
only the digits 1, 3, 4, 6, 7, 9 and which are congruent to k modulo 7. 


It is clear that 


6 
Ss" aE) eE = `> etiteet tEn 


k=0 L1,€2,..-,0n €{1,3,4,6,7,9} 
= (e +E + et + ef + el + eP)", 


2 
where £ = cos Z + isin. The remark that 1 +e+e7+---+e%=0 
helps us to bring (e +e? +e4+¢%+e’+e°)” to the simpler form (—e*)”. 
Let us assume that n is divisible by 7, for example (the other cases can 


be discussed similarly). Then 


6 
afPet = (-1)" 
k=0 
and from the lemma we infer that a® — (—1)” = a® — ae Let 
6 
k be the common value. Then 7k = SC alk) — (—1)” = 6” — (-1)” - this 
k=0 
is because exactly 6” numbers have n digits, all equal to 1, 3, 4, 6, 7, 9. 
n —1 n 
Thus, in this case we have a® = (—1)” + 2 7 ) . We leave to the 


reader the study of the other cases: n = 12,3,4,5,6 (mod 7). 

The same simple, but tricky idea can offer probably the most beau- 
tiful solution for the difficult IMO 1995 problem 6. It worth saying that 
Nikolai Nikolov won a special prize for the following magnificent solu- 


tion. 
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Example 2. Let p > 2 be a prime number and A = {1,2,..., 2p}. 
Find the number of subsets of A, each having p elements and the sum 


of the elements divisible by p. 
Marcin Kuczma, IMO 1995 
2 2 
Solution. Consider £ = cos =. + isin A and let x; the number of 


P P 
subsets x C A such that |X| = p and m(X) = j (mod p). Then it is 
clear that 


p—1 
) ayes — ) eB) — X gliteat +cp. 
j=0 


BCA,|B|=p 1<e1 <cg<-<cp<2p 


But >D eitatr + is exactly the coefficient of x” in 
1<ce1 <ce2<-+-<ep<2p 
the expansion (X + €)(X + °)... (X + e”). Since XP —1 = (X — 


1)(X —e)...(X — P71), we easily find that (X + ¢)(X + £)... (X + 


p-1 
e?) = (XP + 1)?. Thus, 5 pa = 2 and lemma implies the equality 
j=0 
‘ 2p f 
zo — 2 = z1 =-++ = £p—1. Since there are subsets with p elements, 
á p 
we have 
2p 
Lote ++: + Lp-1 = oor 
Therefore, 


STOR] 
P P 

With a somewhat different, but closely related idea we can solve the 
following nice problem. 

Example 3. Let a1,a2,...,a@m be natural numbers and let f(k) the 
number of m-tuples (c1,¢2,-..,Cm) such that 1 < c; < a;, i= 1,m and 
cy tcg +++: + Cm =k (mod n), where n > 1 is a natural number. 

Prove that f(0) = f(1) =--- = f(n — 1) if and only if there exists 
an index i € {1,2,...,m} such that naj. 


Reid Burton, Rookie Contest ,1999 
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Solution. It is not difficult to observe that 


n—1 m 
>P fikje = 5y citez +Cm — Į [e Se EE eti) 
k=0 1<cjSay i=l 


for any complex number ¢ such that e”71 +e”7?+---+e+1 = 0. Thus, 
one part of the problem is already proved, since if f(0) = f(1) =--- = 
f(n — 1) then of course we can find i € {1,2,...,m} such that € + e? + 
+--+ E% = 0, where we have chosen here a primitive root of the unity €. 
We infer that £% = 1 and so nla;. Now, suppose there exists an index 


i € {1,2,...,m} such that nja;. Then for any root £ of the polynomial 


n-1 n-1 n—1 
yo we have 5 f(k)e* and so the polynomial S > xt divides the 


k=0 k=0 k=0 
n-1 n-1 


polynomial ` f(k)X k. This is because the polynomial `y X* has only 


k=0 k=0 
simple roots. By a simple degree consideration, this is possible only if 


f(0) = f(1) =--- = f(n — 1). The solution ends here. 

The enthusiasm determined by the above solutions will surely be 
ATENUAT by the following problem, in which e need some tricky ma- 
nipulations. 

Example 4. Let p > 2 be a prime number and let m,n be multiples 
of p such that n is odd. For any function f : {1,2,...,m}— {1,2,...,n} 
that satisfies p| f(1) + f(2) +---+ f(m), consider the product FAF) . 
f(m). Prove that the sum of these products is divisible by 


Gabriel Dospinescu 


Solution. Let £ = a + rain and az, be the sum of all 

Pp Pp 
the numbers f(1)f(2)... f(m), after all functions f : {1,2,..., m} —> 
{1,2,...,n} that satisfy f(1) + f(2) +---+ f(m) = k (mod p). It is 
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clear that: 
p-1 
ys rE = D C10... Gere TEH tem 
k=0 C1,€25---;CmE {1,2,...,.n} 
= (eet + H \™, 
Recall the identity 


nat — (n+ 1)r” +1 
(x — 1)? l 


Plugging £ in the previous identity, we find that 


1+ 2r +3? +- + ne”! = 


ne"? — (n+ 1)je”tl +e ne 
2624. nm = . 
Carcer aes ae ne (6-1)? =~] 
Consequently, 
p-1 nim 
TKE = 
2 (e-1)™ 


On the other hand, it is not difficult to deduce the relations 
cP 14 Pt... tet1=06 


1 1 
Sap ge ee Pe Zed ey). 


Thus, if we consider 
(XP-249XP-34...4(p—2)X+p—1)™ = bo tb X+- -+bin(p_2) XP), 


then we have 


nim 


(e-1 


m 
n 
ym = z) (co + c1e ++- + Cp-1e?*), 


where 


Ck = Dp bj. 
k=k (mod p) 


m 
Ifr= (-2) , then we have the relation 
P 
zo — rco + (zircije +--+ + (£p-1 — Pep_i)e? + = 0. 
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From the lemma, it follows that £o — rco = 41 — rey = +++ = Lp_1 — 


rCp—1 = k. Because clearly co, ¢1,...,¢p—1 € R, it remains to prove that 
r|k. Since 
pk = to Pick eee £p-1 r(co4 ci +++++cp-1) 
=(1+2 +: +n)” — r(bo + bi +--+ + bmi-2)) 


£ (e 2) P (e 2) 
2 2 i 
it is clear that r|k. Here we have used the hypothesis. The problem is 
solved. 

It is time now to leave this kind of problems and to speak a little bit 
about some nice applications of complex numbers in tilings. The idea is 
to put a complex number in each square of a table and then to translate 
the hypothesis and the conclusion in terms of complex numbers. But 
we will better see how this technique works by solving a few problems. 
First, some easy problems. 

Example 5. Consider a rectangle which can be tiled with a finite 
combination of 1x m or nx 1 rectangles, where m, n are natural numbers. 
Prove that it is possible to tile this rectangle using only rectangles 1 x m 


or only with rectangles n x 1. 
Gabriel Carrol ,BMC Contest,2000 


Solution. It is obvious that the rectangle has natural dimensions, 
let them be a,b. Now, let us partition the rectangle into 1 x 1 squares 


and denote this squares 


(1,1), (1,2),...,(a,1),...,(a,1),(a,2),..., (a,b). 
Next, put the number ciel in the square whose label is (i, 7), where 
2a 


Qn .. 2r 27, 
E€, = cos — + sin —, E2 = COS — +725SIN —. 
n n m m 
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The main observation is that the sum of the numbers in any 1 x m 
or n x 1 rectangle is 0. This is immediate, but the consequence of this 
simple observation is really surprising. Indeed, it follows that the sum 


of the numbers from all the squares is 0 and so 


a b 


ie 5 i J 
0= > EJE2 = > Ei > E2- 
1<i<a w= j=l 

1<j<b 


a b 

Thus, at least one of the numbers Soe and Soe is 0. But this 
i=1 j-1 

means that n|a or m|b. In any of these cases, it is clear that we can tile 


the rectangle using only horizontal or vertical rectangles. 

The idea in the previous problem is quite useful, many tilings prob- 
lems having straightforward solutions by using it. An example is the 
following problem, given in Baltic Contest in 1998. 

Example 6. Can we tile a 13 x 13 table using only 1 x 4,4 x 1 
rectangles, such that only the center of the table does not belong to any 


rectangle? 
Baltic Contest,1998 


Solution. Suppose such a tiling is possible and label the squares of 
the table as in the previous problem. Next, associate to square (k, 7) the 
number i*+?), Obviously, the sum of the numbers from each 1 x 4,4 x 1 
rectangle is 0. Therefore, the sum of all numbers from the squares of the 
table is equal to the number in the square situated at the center of the 
table. Thus, 


js _ | 3 ¿6—1 3 


Pl = (iti +---4 08)? Hitt i)i zI “Ue po] =1, 


which clearly cannot hold. Thus, the assumption was wrong and such a 


tiling does not exist. 
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The following example we are going to discuss is based on the same 
idea, but here complex numbers are more involved. 

Example 7. On a 8 x 9 table we put rectangles 3 x 1 and figures 
formed by rectangles 1 x 3 by cutting the median 1 x 1 square. The 
rectangles and the figures do not intersect and cannot be rotated. Prove 
that there exists a set © of 18 squares of the table such that if there are 
exactly two uncovered squares, then they belong to S. 

Gabriel Dospinescu 

Solution. Again, we label the squares of the table (1,1), (1,2),..., 
(8,9) by starting from the up-left corner. In the square labeled (k, j) we 
will put the number if -e¥, where i? = —1 and e?+¢+1=0. The sum of 
the numbers from any figure or rectangle is 0. The sum of the numbers 


from the table is 
8 9 
2 +) ` i | = —i. 
k=1 j=l 


Let us suppose that the squares (a1, b1), (a2, b2) are the only un- 


covered squares. Then we have of course ite"! + ib2e%2 = —i. Let 


zy = bile, zo = ib27le%2, We have |z| = [zo land z1 + 22 = —1. 
’ 


It follows that — + — = —1 and so z} = z3 = 1. This in turn im- 
ZL Z 


2 
3(61-1) — 43(2-1) — 1, from where we conclude that 


plies the equalities i 
bi = b2 = 1 (mod 4). Therefore, the relation z1 + z2 = —1 becomes 
e% + 6% = —], which is possible if and only if the remainders of the 
numbers a, a2 when divided by 3 are 1 and 2. Thus, we can take S the 
set of squares that lie at the intersection of the lines 1, 2, 4, 5, 7, 8 with 
the columns 1, 5, 9. From the above argument, if two squares remain 


uncovered, then surely they belong to S. The conclusion is immediate. 
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Problems for training 
1. Three persons A, B,C play the following game: a subset with k 
elements of the set {1,2,...,1986} is selected randomly, all selections 
having the same probability. The winner is A, B or C, according to the 
case when the sum of the elements of the selected subset is congruent 
to 0, 1, or 2 modulo 3. Find all values of k for which A, B,C have equal 
chances of winning. 
Imo Shortlist, 1987 
2. The faces of a die are labeled with the numbers 1, 2, 3, 4, 5, 6. 
We throw the die n times. What is the probability that the sum of the 
numbers shown by the die is a multiple of 5? 
IMC, 1999 
3. Let ap, by, ce E€ R, k = 1,n. Let f(p) be the number of ordered 
triples (A, B,C) of subsets (not necessarily non-empty) of the set M = 
{1,2,...,n} whose union is M and for which 
y ai + ` bi + y ci =3 (mod p). 
iEM\A iE M\B iEM\C 
We assume that 
Soa: = 0 and f(0) = f(1) = SO). 
ich 
Prove that there exists i € M such that 3]a; + bi + ci. 
Gabriel Dospinescu, Recreatii Matematice 
4. How many subsets with 100 elements of the set {1,2,...,2000} 
have the sum of their elements divisible by 5? 
Qihong Xie, High School-Mathematics 
5. There are 2000 white balls in a box. There are also unlimited 
supplies of white, green and red balls, initially outside the box. At each 


step, we can replace two balls in the box with one or two balls according 
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to the following rules: two whites or two reds with a green, two greens 
with a white and red, a white and green with a red or a green and red 
with a white. 

a) After some finite number of steps, in the box there are exactly 
three balls. Prove that at least one of them is green. 

b) Is it possible that after a finite number of steps there is just one 
ball in the box? 


Bulgaria, 2000 


6. A 7 x 7 table is tiled with 16 rectangles 1 x 3 such that only one 


square remains uncovered. What is the position of this square? 
Tournament of the Towns, 1984 


7. Let k > 2 be an integer. For which odd natural numbers n can 
we tile an x n table with 1 x k or k x 1 rectangles such that only the 


square in the center of the table does not belong to any rectangle? 
Arhimede Magazine, Gabriel Dospinescu 


8. Let n > 2 be an integer. In each point (i, j) having integer coordi- 
nates we write the number i+ j (mod n). Find all pairs (a,b) of natural 
numbers such that any residue modulo n appears the same number of 
times on the frontier of the rectangle of vertices (0,0), (a, 0), (a, 6), (0, b) 
and also any residue modulo n appears the same number of times in the 


interior of the same rectangle. 
Bulgaria, 2001 


9. Let F be the family of the subsets of the set A = {1,2,...,3n} 
which have the sum of their elements divisible by 3. For each element of 
F, compute the square of sum of its elements. What is the value of the 


sum of all the obtained numbers? 


Gabriel Dospinescu 
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10. Let p > 3 be a prime number and let h be tae BP of se- 
quences (a1,a2,...,@p—1) C {0,1,2}?~+ such that es Also, let 
k be the number of sequences (a1, G2,...,@p—1) C {0, aji such that 

-1 
p| 3 jaj. Prove that h < k and that the equality appears only for p = 5. 

a IMO 1999 Shortlist 
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FORMAL SERIES REVISITED 


We start with a riddle and a challenge for the reader: what is the 
connection between the following problems: 
1. The set of natural numbers (including 0) is partitioned into a 


finite number n > 2 of infinite arithmetic progressions having ratios 


T1,72,--.,Tm and first term a1,a2,...,@n. Then the following relation is 
satisfied: 

a a a n—-1 

EY AEE ig heist ee : 

rı T2 Tn 2 


2. The vertices of a regular polygon are colored in some fashion so 
that each set of vertices having the same colour is the set of vertices of 
a regular polygon. Then there are two congruent polygons among them. 

The first problem was discussed during the preparation for IMO of 
the USA team, but it seems it is a classical result. As for the second one, 
well, it is a famous problem given in a Russian olympiad and proposed 
by N. Vasiliev. 

If the reader has no clue, then let’s give him one small hint: the 
methods used to solve both problems are very similar and can be in- 
cluded into a larger field, that of formal series. What is that? Well, 
given a commutative ring A, we can define another ring, called the ring 
of formal series with coefficients in A and denoted A[X]. An element of 


A[X] is of the form Se where an E€ A. As we are going to see 
n>0 
in what follows, these formal series have some very nice applications in 


different fields: algebra, combinatorics, number theory. But let’s start 
working now, reminding that the reader is supposed to be familiar with 
some basic analysis tools: 

Example 1. Let a1,a2,...,an be some complex numbers such that 
for any 1 < k < n we have af + ak +---+a* = 0. Then all numbers are 


equal to 0. 
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Solution. Of course, experienced reader has already noticed that 
this problem is a trivial consequence of Newton’s relations. But what 
can we do if don’t know them? Here is a nice way to solve the problem 
(and a way to prove Newton’s relations too). 


First of all, observe that the given condition implies that 
af +a +e tak =0 
for all positive integer k. Indeed, let 


f(X) = X" $F bpp X"! +--+ OLX + bo 
the polynomial | | (a —a;). Then for all k > n +1 we have 
i-1 


k-1 


a} + bn1ay Het bya” = 0. 


Then it suffices to add these relations and to prove the statement by 
strong induction. 


Now, let us consider the function 


f(z) = r 


Developing it by using 


1 
opt itete’ +... (for |x| < 1), 
-g 


we obtain that f(z) = n for all sufficiently small z (which means that 
|z| max(|a;|) < 1). Assume that not all numbers are zero and take 
@1,.-.,@s (s > 1) to be the collection of numbers of maximal modu- 
lus among the n numbers. Let the common value of the modulus be r. 


1 z 
By taking a sequence zp — — such that |2| < 1, we obtain a contra- 
r r 


n 
1 
diction with the relation > Ta (indeed, it suffices to observe 
ee 
i=l pe 


that the left-hand side is unbounded, while the second one is bounded). 


This shows that all numbers are equal to 0. 
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We are going to discuss a nice number theory problem, whose solu- 
tion is practically based on the same idea. Yet, there are some details 
that make the problem more difficult. 

Example 2. Let aj, a@2,...,@q,%1,%2,...,%q and m some integers 


such that mlayx* + agak +--+ + aga” for all k > 0. Then 


q 
mlar J [e — qi). 
i=2 


Gabriel Dospinescu 


Solution. Consider this time the formal series 


1Q)= Vite 


i=1 
By using the same formula as in the first problem, we deduce immedi- 


ately that 


q q 
z) =X a+ (Zen) Z+., 
i=1 i=1 
which shows that all coefficients of this formal series are integers multi- 


ples of m. Obviously, it follows that the formal series 


Xal 1 — £22) ... (1 — Xz) 


also has all coefficients multiples of m. Now, consider s® the i-th 
fundamental symmetric sum in x; (j # i). Since all coefficients of 
Xall — £22)... (1 — xz4z) are multiples of m, a simple computation 


shows that we have the divisibility relation: 


q q l q l 
m|egt Xai -x7 `> as +- (-1)1 `> ash 
i=1 i=1 i=1 


This can also be rewritten in the nicer form 


mY alf E a ). 
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Now, the trivial identity 
(a1 — 41)... (£1 — Zi—1 (£1 — Ui41)... (£1 — Tn) = 
gives us the not-so obvious relation 
st — at 2g feet (1)! 5 
for i > 2. Therefore we can conclude, since 
gt} — gt 2g) 4... 4 (-1)0-1SM, = (a1 — 22)... (a1 — an). 


In order to solve the problem announced in the very beginning of 
the presentation, we need a little lemma, which is interesting itself and 
which we prefer to present as a separate problem: 

Example 3. Suppose that the set of natural numbers (including 
0) is partitioned into a finite number of infinite arithmetic progressions 
of ratios r1,172,..-,% and first term aj, qa2,...,@,. Then the following 


relation is satisfied: 


ry 12 Tn 
Solution. Let us observe that for any |x| < 1 we have the identity: 
Yo vant k So attire ene Yo gentha E Soat. 
k>0 k>0 k>0 k>0 
Indeed, all we did was to write the fact that each natural number is 
exactly in one of the arithmetic progressions. The above relation becomes 
of course the very useful relation: 
r” ge gan 1 


l= gr | fog e tey l-r 


(1) 


Let us multiply the relation (1) with 1 — x and use the fact that 
a 


lim i =a. We find of course the desired relation 
w= iL 
1 1 1 
=+ +l 
ri T2 Tn 
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It’s time to solve the first problem. We will just a small, but not 
obvious step and we’ll be done. The fundamental relation is again (1). 
So: 

Example 4. The set of natural numbers (including 0) is partitioned 
into a finite number n > 2 of infinite arithmetic progressions having 
ratios T1,72,.--,Tn and first term a1,a2,...,an. Then the following re- 


lation is satisfied: 


MOSP 


Solution. Let us write the relation (1) in the more appropriate form: 


at gan 


T 
aa =1 2 
Lrt part Tpep pared (2) 


Now, let us derive the relation (2) and then make x — 1 in the 
resulting expression. A small computation let to the reader will show 


that 
rilri = 1) 


n aifi — J 
> z2 =0. 
i=1 i 


But it suffices to use the result proved in example 3 in order to 


conclude that we must have 


ay ag An n—1 
ld pE ee ea : 
rı T2 Tn 2 
Some commentaries about these two relations are necessary. First of 


all, using a beautiful and hard result due to Erdos, we can say that the 


relation 

1 1 1 

— +> + tIl 

Ti T2 Tn 
implies that max(r1,r2,..., rn) < ge Indeed, this remarkable theo- 
rem due to Erdos asserts that if 71, 72,...,2, are natural numbers whose 
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sum of inverses is strictly smaller than 1, then 


1 1 1 1 1 1 
+> +e +— S$ — 4+ — 4-4, 
Tı T2 Tk ui U2 Uk 


where u1 = 2, Un+1 = u2 — un +1. But the reader can verify immediately 


that 
1 1 1 1 
bap Il 
ui U2 Uk Uj{U2...Uk 


(it is trivial by induction). Thus we can write 


1 1 
1 <1 , 
Tn Uu? ... Un—1 


or even better rn < ujug...Un—1 = Un — 1 (the last relation being 
again a simple induction). Once again, the reader will do a short in- 
duction to prove that un < 22"! And here is how we can prove 
that max(r1, r2,..., Tn) < 22" (since of course any number among 
11,72,+--,;Tn can be taken as rn). Using the relation proved in example 
4, we also deduce that max(a1, @2,...,@n) < (n—1) .22""'-1. This shows 
that for fixed n not only there is a finite number of ways to partition 
the set of natural numbers into n arithmetic progressions, but we also 
have some explicit (even though huge) bounds on ratios and first terms. 

It is now time to solve the remarkable problem discussed in the 
beginning of this note. We will see that in the framework of the previous 
results proved here, the solution becomes natural. However, it is not at 
all true, the problem is really difficult. 

Example 5. The vertices of a regular polygon are colored such that 
vertices having the same colour form regular polygons. Prove that there 
are at least two congruent polygons among them. 

N. Vasiliev, Russian Olympiad 

Solution. Let us assume that the initial polygon (which we will call 
big from now on) has n edges and that it is inscribed in the unit circle, 


n-1 


the vertices having as affixes the numbers 1,¢,¢?,...,¢"~!, where € = 
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ew (of course, we will not loose generality with all these restrictions). 
Consider now n1,72,..., the number of edges of each monochromatic 
polygon and let us assume that all these numbers are different. Let 
Qin 

Ej =e") ; observe that the affixes of the vertices of each monochromatic 
nj—1 
J 

unit circle. First, a technical result. 


polygon are zj, ZjEj,...,ZjE , for some z; complex numbers on the 


2in 
Lemma 1. For any complex number z, if Ç =e» then we have the 
identity 
1 1 1 p 


I- r-a * Tae A 


Proving this lemma is a very simple task. Indeed, it suffices to observe 
that z,zC,...,zCP-+ are exactly the roots of P(X) = X? — z?. Or, we 


know that 


Pa) >. l 1 
P(X) Xz TKO O 


By taking X = 1, we obtain exactly the desired identity. 


Now, the hypothesis of the problem and lemma 1 allow to write 


Ny + jj Nk = n 
1 — (224)™ 1—(zz,)™ 1-2 


Also, the simple observation that nı + n2 +---+n, = n allows the 


new identity 


n N n 
Hia y e cl a y 
1 — (zz1)™ 1 — (zz2)"2 1 — (zz) 1— 2” 
Let us assume now that nı < min(n2,..., ng) and let us divide (1) 


by 2”!. It follows that for non-zero z we have 


Nk 
Ba NZ, nz 
1 — (zz) 1-2" 


nı n2 
nizi n225 
1— (zz) 1-— (zz2)”2 
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Well, we are done: it suffices to observe that if we make z — 0 
(by non-zero values) in (2) , we obtain that zj't = 0, which is surely 
impossible since |z;| = 1. The proof ends here. 

The following problem that we are going to discuss appeared in var- 
ious contests under different forms. It is a very nice identity that can be 
proved elementary in a quite messy way. Here is a magical proof using 
formal series. 

Example 6. For any complex numbers a1, a2,...,@, E C, the fol- 


lowing identity holds: 


n n n 4 
(Sem) (Ne 
i=l i=1 \ ji 
4 n n 
+ `> S =- (21) Sa? = n Ta. 
1<i<j<n \kžij i=1 i=1 


Solution. Consider the formal series 


n 


te) = [pe -1). 


i=1 
We are going to compute it in two different ways. First of all, it is 


clear that 


n 22 
f=] (za + n +...) 
i=l j 


thus we can say that the coefficient of z” in this formal series is II Qi. 
i=1 
On the other hand, we can write 


Indeed, the reader is right: now everything is clear, since the coeffi- 
m 


k 


cient of z” in e"? is E The conclusion is clear: not only the identity is 
n 


true, but it has a four-line solution!!! 
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There aren’t only algebra problems that can be solved in an elegant 
manner using formal series, but also some beautiful concocts of numbers 
theory and combinatorics. We shall focus a little bit more on such type 
of problems in the sequel. 

Example 7. Let 0 = ag < a1 < ag < ... be a sequence of positive 
integers such that the equation a; + 2a; +4a, = n has a unique solution 


i, J, k. Find A1998- 
IMO Shortlist, 1998 


Solution. Here is a very nice answer: 9817030729. Let A = 
{ao,a1,...} and bn = 1 if n € A and 0 otherwise. Next, consider the for- 
mal series f(x) = 5 b,x”, the generating function of the set A (we can 

n>0 
write in a more intuitive way f(x) = ‘> x"). The hypothesis imposed 


n>0 
on the set A translates into 


Replace x by x?” . We obtain the recursive relation 


FFE 


k+2 1 
r2 


)= 


1- gr% 


Now, observe two relations: 


[re = eere e) = TT 


Ig 
k>0 k>0 k>0 La 
and 
k 3k+1 3k+2 3k+3 1 
Hear A re? bellar 
k>1 k>0 k20 


Therefore (the reader has observed that rigor was not the strong 


point in establishing these relations) we have 


23k+1 23k+1 


= x 1- ; 
f(2)=[] — = [[G+2* )F (z) = I] == = [0+ J 
B aa? k20 PT ~ 7 k>0 
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This shows that the set A is exactly the set of nonnegative integers 
that use only the digits 0 and 1 when written in base 8. A quick com- 
putation based on this observation shows that the magical term asked 
by the problem is 9817030729. 

The following problem is an absolute classic. It appeared, under dif- 
ferent forms, in Olympiads from all over the world. We will present the 
latest one, given in a Putnam competition: 

Example 8. Find all partitions with two classes A, B of the set 
of nonnegative integers having the property that for all nonnegative 
integers n the equation x + y = n with x < y has as many solutions 
(z,y)€ Ax Aasin Bx B. 

Solution. Consider f,g the generating functions of A, B and write 
them in explicit form 

f(x) = ť> anz”, g(x) = pD bnz” 
n>0 n>0 
(as in the previous problem, an equals 1 if n € A and 0 otherwise). The 
fact that A, B form a partition of the set of nonnegative integers can be 
also rewritten as 


1 
l-g 


f(x) +ga) = Soa" = 


n>0 
Also, the hypothesis made on the number of solutions of the equation 


x+y =n imposes that 


Therefore, 


which can also be rewritten as 


f(x)—9(z) _ 
fiat) = gl?) 
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Now, the idea is the same as in the previous problems: replace x by 


x” and iterate the process. After multiplication, we deduce that 


f(x) — g(a) = TQ - 2”) tim 7a 


i ratte Fa) = gla) 


Let us assume without loss of generality that 0 € A. Then the reader 


can easily verify that 


lim f(x?") =1 and Jim glz”) = 0. 


n— oo 


This shows that actually 
f(x) — g(x) = [J0 -2”*)= 5E yeaa, 
k>0 k>0 
where sə(x) is the sum of digits of binary representation of x. Taking 
into account the relation 


f(x) +ga) = Soa" = 


n>0 


1 
ta 


we finally deduce that A, B are respectively the set of nonnegative inte- 
gers having even (respectively odd) sum of digits when written in binary. 

We will discuss two nice problems in which formal series and complex 
numbers appear in a quite spectacular way: 

Example 9. Let n,k be positive integers such that n > 2°! and 
let S = {1,2,...,n}. Prove that the number of subsets A C S such that 
`> x =m (mod 2") does not depend on m € {0,1,..., 25 — 1}. 
xEA 

Balkan Olympiad Shortlist 2005 

Solution. Let us consider the function (call it formal series, if you 


want) 
n 


f(z) = Jira: 


i=1 
If we prove that 1+2+---+a2—! divides f(x), then we have 


certainly done the job. In order to prove this, it suffices of course to 
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prove that any 2"th root of unity, except for 1 is a root of f. But it 
suffices to observe that for any l € {1,2,..., 2571 — 1} we have 


2l 2l ae er vas) 
(cos SF + isin) = —1 


and so 


which proves our claim and finishes the solution. 

Example 10. Let m,n > 2 be positive integers and a1,4a2,...,an 
integers, none of them divisible by m”~+. Prove that one can find integers 
€1,€2,---,€n, not all zero, such that |e;| < m for all 7 and such that 
m”|e1a1 + e242 + +++ + enan. 

IMO Shortlist 2002 


n 
Solution. Look at the set A = bD e;a;| 1 < e; < m > and observe 


i=1 
that we can assume that A is a complete system of residues modulo m” 


(otherwise, the conclusion is immediate). Now, consider f(x) = D gi 


pEA 
On one hand, we have 


n m-—1 n ma; 


; l-2x 
= jai | — 
f(x) =I] >? =H q= 7% ` 
i=l j=0 i=1 
On the other hand, take € = em", Since A is a complete system of 
residues modulo m”, we must have f(e) = 0. Therefore (the hypothesis 
n 
ensures that €% # 1) we must have [a —¢™%) = 0. But this surely 


contradicts the fact that none of the DR @1,02,.-.,@n is a multiple 
of m™—!, 

Finally, it is time for a tough problem. Of course, it will be a com- 
binatorial problem, whose nice solution below was found by Constantin 


Tanasescu. 
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Example 11. Let A be the set of all words which can be formed 
using m > 2 given letters. For any c € A, let l(c) be its length. Also, 
let C C A be a set of words. We know that any word from A can be 
obtained in at most one way by concatenating words from C. Prove the 


inequality: 


Adrian Zahariuc 


Solution. Let S be the set of all words which can be obtained by 


concatenating words from C. Let 


=F #0, ge) = Tal 


cEC ses 
By the definition of S, we have that: 


g(t) =1+ fl) + £'(@) +> = par 


Therefore, 
f(x)g(@) = g(x) — 1. (*) 
Now, S (and C) has at most m* elements of length k, thus g(x) < 00 
and f(x) < co for x < =. Thus, for all x € (0 ~): 


g 
1 
and so f(x) < 1 for all x € (o ), All we need now is to make x tend 
m 


1 1 
to — and we will obtain that f (=) < 1, which is nothing else than 
m 
the aoa inequality. 


Proposed problems 


1. Let 2, 22,..., Zn be some arbitrary complex numbers. Prove that 


for any € > 0 there are infinitely many numbers n such that 


tek + zE +--+ 2k] > max(lzal, lezl,- lnl) — 
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2. Find the general formula for the sequence (£n)n>1 given by 
Tn+k = A1Tn+k—1 +++ + akn 


in function of £o, %1,...,£ķ—1. Here aj,...,ay are arbitrary complex 
numbers. 

3. Prove that if we partition the natural numbers into a finite number 
of infinite arithmetic progressions, then there will be two of them having 
the same ratio. 

4. How many polynomials P with coefficients 0, 1, 2 or 3 satisfy 
P(2) = n, where n is a given positive integer? 

Romanian TST, 1994 

5. Define A; = 0, Bı = {0} and Any, = {1 + z| x € Bn}, Bay = 
(An \ Bn) U (Bn \ An). What are the positive integers n such that Bn = 
{0}? 

AMM 


6. In how many ways can we parenthesis a non-associative product 


a102... An? 
Catalan’s problem 


7. For which positive integers n can we find real numbers a1, a2,..., 


an such that 


flail | Iaia iaa 


China TST 2002 


8. Let a1, a2,..., an relatively prime positive integers. Find in closed 
form a sequence (£n)n>1 such that if (yn)n>1 is the number of positive 


integral solutions to the equation a,x, + a2£z2 +--+: + an%y = k, then 
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9. Let A1, Ao,..., Ak E Mn(C) be some complex nôn matrices such 
that 


C 
DE a cae eee 


for any natural number p > 1. Here C does not depend on p > 1 and 
IXI = ae |z;;|. Then prove that A? = 0 for all 1 < i < k. 
Gabriel Dospinescu 

10. Is there an infinite set of natural numbers such that all suff- 
ciently large integer can be represented in the same number of ways as 
the sum of two elements of the set? 

D. Newman 

11. Find all possibilities to color a regular polygon in the way pre- 
sented in example 5. 

12. Find all positive integers n with the following property: for any 
real numbers aj, a@2,...,@,, knowing the numbers a; + aj, i < j, deter- 
mines @j,@2,...,@n, uniquely. 

Erdos and Selfridge 

13. Suppose that ag = ay = 1, (n + 3)angi = (2n + 3)ay + 3Nan-ı. 
Prove that all terms of this sequence are integers. 

Komal 

14. Define two sequences of integer numbers (an), (bn) : a1 = b; = 0 
and 

On, = Nbn + aibn—1 + a2bn—2 + +++ + Gn—1b1. 

Prove that for any prime number p we have p|ap. 

Komal 

15. Is it possible to partition the set of all 12-digit numbers into 
groups of 4 numbers such that the numbers in each group have the same 


digits in 11 places and four consecutive digits in the remaining place? 
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Saint Petersburg Olympiad 
16. Prove the following identity 


z (—1)* 
bD 5 bS Jk (GUA + €9Qig Tort Ekti)” 


k=1 1<i1 <i2<--<ik LN E€1,E€2;.;EnE{—1,1} 


_ (=1)"(2n)!aĵa3 .. . a7, 
= 


for any real numbers a1, a2,..., Qn. 


Gabriel Dospinescu 


17. A set of positive integers A has the property that for some 
positive integers b;, ci, the sets b;: A+ ci, 1 < i < n are disjoint subsets 


of A. Prove that 


IMO Shortlist 2004 
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NUMBERS AND LINEAR ALGEBRA 


We have seen how analysis can help in solving number theory prob- 
lems. But linear algebra has an important role as well, especially because 
it makes a beautiful connection between number theory and algebra. 
This discussion practically started from the following difficult problem 
that we solved in the chapter ”Look at the exponent!” and which ap- 


peared in the American Mathematical Monthly a long time ago. 


aj — ai . ; 
For any integers a1,a2,...,a@n the number II 2 ig an in- 
1<i<j<n 
teger. 


You will see a nice and short solution to this problem. At the ap- 
propriate time... But first, we need some basic facts about matrices, 
determinants, and systems of linear equations. For example, the fact 


that any homogeneous linear system 


4121 + Q122 + +++ + Ainin = 0 


a21£1 + a22£2 + +++ + Gontyn = 0 


An1X1 + an2£2 + +++ + Annn = 0 


in which 
Q11 Q12 ... Ain 
a2, Q22 ... An 
#0 
Anl an2 ... Ann 


has only the trivial solution. Secondly, we need Vandermonde’s identity 


1 a 2 ma 
1 zr z a 
= [[ @-«) (1) 
1<i<j<n 
1 £n z get 


With these basic facts (of course, for a better understanding, the 
reader should have some more knowledge on linear algebra), we are 
ready to begin the discussion. As usual, we start with an easy and clas- 
sical problem. This time, we will prove a result from the theory of per- 
mutations. Here is a nice solution. 

Example 1. Let o be a permutation of the numbers 1,2,...,n. 
Then 

I] (GQ) -ei = 1-21... =D 
1<i<j<n 

Solution. The formula in the left-hand side suggests that we might 
use Vandermonde’s identity (1). But we also need a small trick. Using 


the fact that det A = det tA for any matrix A, we get 


1 1 1 1 
a(1) a(2) a(3) a(n) | _ Tl @@=2@) 
ote aes yAn ess of i<ici<n 
GU QP o(3) ce ate 


So, by multiplying the two determinants we find 


1<i<j<n 
1 1 1 1 1 o(1) o(1)r-} 
a(1) o(2) a(3) a(n) 1 a(2) o(2)"—" 
o(1)"*  o(2)""* (3)? a(n)?! 1 a(n) a(n)” 

So Sı Sn—1 

| Si Se Sn 

Sn-1 Son—2 
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where 
Si = o(1)' + 0(2)' +--+ + a(n)’. 
But since ø is a permutation of the numbers 1,2,...,n, we have 


Si = 1? + 2 +- -- +n’ and repeating the arguments we conclude that 
2 2 


I] e-.)] =| I] o- 


1<i<j<n 1<i<j<n 


I] @@--@M) = JT] G-)=@-1)(n-2)!...11 


1<i<j<n 1lsi<j<n 
Using this result, we can answer immediately the following question: 
Example 2. Given a polynomial with complex coefficients, can we 
decide if it has a double zero only by performing additions, multiplica- 
tions, and divisions on its coefficients? 
Solution. Yes, we can. Let f(x) = ao +aix +--+ ang”. Then this 


polynomial has a double root if and only if 


2 
II (xi z £j) _ 0, 
1<i<j<n 
where 21, £2,..., £n are the zeros of the polynomial. But we have seen 
that 
r So Sy ... Spa 
Si So ... Sn 
II (xi — zj) = ) 
1<i<j<n cee, ee Be Sth 
Sn—1 mite ai Son—2 


where S; = zi +a2}+---+2!,. So, we need to express S; = x} +ah+---+at, 
in terms of the coefficients of the polynomial. But this is a consequence 


of Newton’s and Vieta’s formulas, which combined yield 
an Si + An—1Sj-1 te + An—i4191 + idyn{~5; =0, i€ {1, Dosari t; 
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The last formula allows us to prove by induction that S; can be ex- 
pressed only in terms of the coefficients of the polynomial (this could 
have been shown much easier, since after all S; is a symmetric polyno- 
mial in n variables, hence it can be expressed only in terms of the fun- 
damental symmetric polynomials, which can also be expressed in terms 
of the coefficients due to Vieta’s formulas). Consequently, we can decide 


whether 7 


I] (@-2)] =0 
1<i<j<n 
only by using the described operations on the coefficients of the polyno- 
mial, which shows that the answer to the problem is positive. 

You may know the following classical problem: if a,b,c € Q verify 
a+ b42 + cv/4 = 0, then a = b = c = 0. Have you ever thought about 
the general case? This cannot be done only with simple tricks. We need 
much more. Of course, a direct solution could be the following: from 
Eisenstein’s criterion, the polynomial f(X) = X” — 2 is irreducible, 
so if ag + a1 V2 +--+» + ay_1 "V2"! = 0 for some rational numbers 
ag, @1,-..,4,—1, then the polynomial g(x) = ao + aya + +--+ @n—12""} 
is not relatively prime with f. Hence gcd(f,g) is a polynomial of degree 


at most n — 1 that divides an irreducible polynomial f of degree n. This 


cannot happen, unless g = 0, i.e. ag = ay = +--+: = an-ı = 0. But here 
is a beautiful proof using linear algebra. This time we will have to be 
careful to work in the most appropriate field. 


Example 3. Prove that if ag,a1,...,@n_1 E€ Q satisfy 


ao +a V2 +- H+ ani "V21 = 0, 


then ag = aj = +- = an-ı = Q. 
Solution. If ao + a1 V2 +--+» + an_1 "V2"! = 0, then 


kag + kay V2 + +--+ kan.” V2"-1 =0 
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for any real number k. Thus, we may assume that ag, a@1,...,@n—-1 E Z 
(for example, we can choose k to be the least common multiple of all de- 
nominators of the numbers ap, @1,...,@n—1). The idea is to choose n val- 
ues for k so that to obtain a system of linear equations, having nontrivial 


solutions. Then, the determinant of the system must be zero and this 


will imply a9 = ay = -+ - = an-ı = 0. Now, let us fill in the blanks. What 
are the best values for k? This can be seen by noticing that V/2"-!. 4/2 = 
2 € Z. So, the values (k1, k2,...,kn) = (1, 7/2,..., Van-l) are good and 
the system becomes 

ag tay: Y2 +--+ ana: V2P-1=0 

ag: V2+a,- V22+-+-+2an-1 =0 


ag: V22-14 9a, +s + an1: V2r-2=0 


Viewing (1, V/2,..., V2”-1) as a nontrivial solution to the system, 


we conclude that 


ag ay wea Gye] 
2an—1 ag sae An—2 
= 0. 
2a4 2a9 see ag 


But what can we do now? Expanding the determinant leads nowhere. 
As we said before passing to the solution, we should always work in the 
most appropriate field. This time the field is Z2, since in this case the 
determinant can be easily computed. It equals aj = 0. Hence ao must 


be even, that is ag = 2b9 and we have 


bo ay, toe Qa] 
An—1 ag oe. QAn-2 _9 
ay, 2a2 Tr ag 
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Now, we interchange the first two lines of the determinant. Its value 
remains 0, but when we expand it in Z2, it is @ = 0. Similarly, we 
find that all a; are even. Let us write a; = 2b;. Then we also have 
bo +b: Y2 +--+» bn OVI = 0 and with the same reasoning we 
conclude that all b; are even. But of course, we can repeat this as long 
as we want. By the method of infinite descent, we find that aj = a, = 
+ = On_1 = 0. 

The above solution might seem exaggeratedly difficult compared 
with the one using Ejisenstein’s criterion, but the idea was too nice not 
to be presented here. 

The following problem can become a nightmare despite its simplicity. 

Example 4. Let A = {a® + b? + @ — 3abc| a,b,c € Z}. Prove that 
if x,y € Athen zy € A. 

Proof. The observation that 


oa 


ac 
a+b? +c—3abc=|b a c 


c ba 


leads to a quick solution. Indeed, it suffices to note that 


ac b “zy 
ba c yn z |= 
c ba Zz Y £ 


ax+cy+bz az+by+cxr ay+ bzr + cz 
= | ay+br+cz ax+cyt+bz az + by+ cr 


az+by+cx ay+br+cz ax+cyt bz 


and thus 
(aè +68 + c? — 3abe)(z? + y? + 23 — Bayz) = A? + B? + C? — 3ABC, 
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where A = az + cy + bz, B = az + by + cx, C = ax + cy + bz. You see, 
identities are not so hard to find... 

We all know the famous Bezout’s theorem, stating that if a1, @2,..., 
an are relatively prime, then one can find integers k1, k2,...,kn such 
that kya, + k2a2 +--+ knan = 1. The following problem claims more, 
at least for n = 3. 

Example 5. Prove that if a,b,c are relatively prime integers, then 


there are integers x,y,z, u,v, w such that 


a(yw — zv) + b(zu — zw) + c(xv — yu) = 1. 


Solution. First of all, there is a crucial observation to be made: the 


given condition can be also written in the form det A = 1, where 


an u 
A=| by v 
cC zZz Ww 


So, let us prove a much more general result. 

Theorem. Any vector v whose integer components are relatively 
prime is the first column of an integral matrix with determinant equal 
to 1. 

There is a simple proof of this theorem, using clever manipulations of 
determinant properties and induction on the dimension n of the vector 
v. Indeed, for n = 2 it is exactly Bezout’s theorem. Now, assume that 
it is true for vectors in Z”~! and take v = (v1, V2,---,Un) such that vi 


v Un— F 
are relatively prime. Consider the numbers ao ee E where g is the 


greatest common divisor of v1, ...,Un—1. They are relatively prime and 
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thus we can find an integral matrix 


= Q12 0 «ee AL n=1 


Qn—1,2 +++ Gn—1,n 


having determinant equal to 1. Now, using Bezout’s theorem, we can 
find a, 8 such that œg + Gv, = 1. In this case, it is not difficult to verify 
that the following matrix has integral entries and determinant equal to 
1: 


_1)¥1 

UL a12 Pi Ql, n—1 (—1)" hg. 
g 

—1)Un-1 

Un—1 An-1,2 -> Op age, (= 1)” eo. 
Un O° 4. 0 (-1)""ta@ 


We said at the beginning that the discussion started from the difficult 
problem that appeared in AMM, but yet we did not present its solution 


yet. It is now time to do it. 


Example 6. For any integers a1, qa2,...,@n, then 
aj—a 
J| += ez 
aioe l7 


Armond Spencer, AMM E 2637 


Solution. With this introduction, the way to proceed is clear. What 
does the expression II (aj — a; suggest? It is the Vandermonde’s 
1<i<j<n 
identity (1), associated to a1, da2,...,@n. But we have a hurdle here. We 
might want to use the same formula for the expression II (j — i). 
1<i<j<n 
This is a dead end. But we have seen what is II (j — i) equal to in 
1<i<j<n 
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the first problem. It equals (n — 1)!(n — 2)!...1!. Now, we can write 


1 1 1 1 
II Aj — Ay 1 ay a2 a3 EN an 
Per ee = 1!-21...(n— 1)! , 
a" 1 aso? a 1 ano} 


As usual, the last step is the most important. The above formula 


can be rewritten as 


1 1 1 
ay ag a3 an 
Ul aj — ai 1! 1! 1! 1! 
legs 
St<gsn apes a27! at jo 
m- (@-D! m- m-1)! 


ay a2 an 
n-—1 n—1 n—1 
which can be proved easily by subtracting lines. Because each number 
( f ) is an integer, the determinant itself is an integer and the conclusion 
J 
follows. 
We end the unit with a very nice and difficult problem that also 


appeared in AMM in 1998. A variant of this problem was given in 2004 


at a TST in Romania and turned out to be a hard problem. 
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Example 7. Consider the sequence (£n)n>0 defined by rp = 4, 

zı = £2 = 0, £3 = 3 and p44 = En + £n41. Prove that for any prime p 
the number zp is a multiple of p. 

AMM 


Solution. Let us consider the matrix 


00 01 
1 0 0 1 
0100 
0010 
and let tr X be the sum of the entries of the main diagonal of the matrix 
X. We will first prove that 2, = TrA” (here A? = I4). This is going to 
be the easy part of the solution. Indeed, for n = 1,2,3 it is not difficult to 
verify it. Now, assume that the statement is true for alli = 1,2,...,n— 1 


and prove that it is also true for n. This is true because 
En = Tn—4 + En-3 = TA + TrA"? = Tr( A" (A + I4)) = TrA”. 


We have used here the relation A* = A + I4, which can be easily 
verified by a simple computation. Hence the claim is proved. 

Now, let us prove an important result, that is TrA? = TrA (mod p) 
for any integral matrix and any prime p. The proof is not trivial at 
all. A possible advanced solution is to start by considering the matrix A 
obtained by reducing all entries of A modulo p, then by placing ourselves 
in a field in which the characteristic polynomial of A has all its zeroes 
A1, A2, -< -, An. This field has clearly characteristic p (it contains Zp) and 
so we have (using the binomial formula and the fact that all coefficients 


o 1< k< p-—1 are multiples of p) 


n n P 
HÆS N= bs x) = (TrA)?, 
i=1 i=1 
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from where the conclusion is immediate via Fermat’s little theorem. 
But there is a beautiful elementary solution. Let us consider two 
integral matrices A, B and write 
(A+B)? = `» AA... Áp. 
Aj,..,4p€{A,B} 
Observe that for any A,B we have Tr(AB) = Tr(BA) and by in- 


duction, for any X1,..., Xn and any cyclic permutation o, 
Tr(X1...Xn) = Tr(Xo0) ---Xoqm))- 
Now, note that in the sum Sy A,A2... Ap we can form 


Aj,...,Ap€{A,B} 
2P — 2 


groups of p-cycles and we have two more terms A? and B?. Thus 


Tr(A, A2... Ap) = TrA?+TrB? modulo p (the reader has 
Aj,.... ApE{A,B} 
already noticed that Fermat’s little theorem comes handy once again), 


since the sum of Tr( A142... Ap) is a multiple of p in any cycle. Thus 


we have proved that 
Tr(A+ BP =TrA?+TrB? (mod p) 


and by an immediate induction we also have 
k 
Tr(Ay +++: + Ax)? = So TrAt. 
i=1 


Next, consider the matrices E;j that have 1 in position (i,j) and 0 
elsewhere. For these matrices we clearly have Tr A? = TrA (mod p) and 
by using the above result we can write (using Fermat’s little theorem 


one more time): 


p 
Tr A” sIr > Qij Bij 
iJ 
= X Tr(a% BP) = 5 aij TrEi; =TrA (mod p). 
tJ tj 
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The result is proved and with it the fact that xp is a multiple of p. 


Problems for training 


1. Let Fy = 1, Fp = 1 and Fn = Fn-1 + Fn-o for all n > 3 be the 


Fibonacci sequence. Prove that 
Byig Pye Se = (—1)” and Bai, = Fp Fm1 ia Pye 


2. Let the sequence of polynomials (fn)n>1 be defined by fi(x) = 1, 
falx) = x and fn41(£) = rfn(x) + fn-1(£). Prove that this sequence 
satisfies the following Fibonacci-type relations finin = fnfm-1+ Jn+1 fm- 

3. Prove that the number V2 + /3+ V5 + V7 is irrational. 


4. Compute the product II (ej — ci)?, where 
0<i<j<n-1 


Ek = gene son a 
n n 

for all k € {0,1,...,n— 1}. 

5. Consider 2005 real numbers with the following property: whenever 
we eliminate one number, the rest can be divided into two groups of 1002 
numbers each and having the same sum per group. Prove that all the 
2005 numbers are equal. 

6. Let a,b,c be relatively prime nonzero integers. Prove that for any 
relatively prime integers u,v, w satisfying au + bv + cw = 0, there are 


integers m,n, p such that 
a = nw — pv, b = pu — mw, c= mv — nu. 


Octavian Stanasila, TST 1989, Romania 


7. Let p be a prime and suppose that the real numbers aj, a2,..., 
ap+1 have the property: no matter how we eliminate one of them, the 


rest of the numbers can be divided into at least two nonempty classes, 
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any two of them being disjoint and each class having the same arithmetic 
mean. Prove that aj = a2 = +++ = ap41. 

Marius Radulescu, TST 1994 ,Romania 

8. Let a,b,c be integers and define the sequence (£n)n>0 by xo = 4, 

zı = 0, z2 = 2c, £3 = 3b and £n43 = aty_1 + b£n + CXn41. Prove that 

for any prime p and any positive integer m, the number 2pm is divisible 

by p. 
Calin Popescu, TST 2004, Romania 


9. Prove that for any integers a1, da9,...,@, the following number 


l 1.25 Qn 
cm(a1, a2, , An) II (a 


j T 4) 
Q142... An 


1<i<j<n 
is an integer divisible by 1!2!...(n — 2)!. Moreover, we cannot replace 


1!2!...(m — 2)! by any other multiple of 1!2!... (n — 2)! 


10. Let a1,a2,...,an E R. A move is transforming the n-tuple 

(£1, £2, ..., £n) into the n-tuple 
£1 + T2 T2 + T3 Ln—1 tEn Tn + T1 
z o g 5 a : 

Prove that if we start with an arbitrary n-tuple (aj, @2,...,@n), after 

finitely many moves we obtain an n-tuple (Aj, A2,..., An) such that 
1 
es PaaS 22005 ` 
(k—1) (k—1) 
a; +a; 
11. Let a), a, ree, a) € R and define al) Ja ra for 


2 
all k > 1 and 1 < į < n (the indices are taken modulo n). Prove that 


for alll <i<n. 


Gabriel Dospinescu 
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ARITHMETIC PROPERTIES OF POLYNOMIALS 


Another topic with old fashioned tricks... will surely say the reader 
at first about this small note. Yet, how many times happened to pass 
too many time on a problem just because we neglected basic and triv- 
ial aspects of it? This is why we think that speaking about these ”old 
fashioned tricks” is not lack of imagination, but rather an imperious 
need. In this small note we joined together some classical arithmetic 
properties of polynomials. Of course, as usual, the list is just a small 
and insignificant introduction to this field, but some basic things should 
become reflex and between them there are also some problems we shall 
discuss. As usual, we kept some chestnuts for the end of the note, so the 
tough solver will have his own part of lecture, especially in a chapter 
like this one, when extremely difficult problems with extremely simple 
statements can be asked... 

There is one result that should be remembered, that is for any poly- 
nomial f € Z[X] and any different integers a, b,a—b divides f(a) — f(b). 
Practically, this is the fundamental result that we shall use continuously. 

We will start with an essential result, due to Schur, and which ap- 
peared in many variants in contests. Although in the topic Analysis 
against number theory we proved an even more general result using a 
nice analytical argument, we prefer to present here a purely arithmetic 
proof. 

Example 1. (Schur) Let f € Z[X] be a non constant polynomial. 
Then the set of prime numbers dividing at least one non-zero number 
between f(1), f(2),...,f(m),... is infinite. 

Proof. First, suppose that f(0) = 1 and consider the numbers f(n!). 
For sufficiently large n, they are non-zero integers. Moreover, f(n!) = 1 
(mod n!) and so if we pick a prime divisor of each of the numbers f(n!). 


we obtain the conclusion (since in particular any such prime divisor is 
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greater than n). Now, if f(0) = 0, the conclusion is obvious. Suppose thus 
that f(0) 4 0 and consider the polynomial g(x) = ee Obviously, 
g € ZX] and g(0) = 1. Applying now the first part of the solution, we 
easily get the conclusion. 

This result has, as we have already said, important consequences. 
Here is a nice application. 

Example 2. Suppose that f,g € Z[X] are monic non constant irre- 
ducible polynomials such that for all sufficiently large n, f(n) and g(n) 
have the same set of prime divisors. Then f = g. 

Solution. Indeed, by Gauss’s lemma, the two polynomials are ir- 
reducible in Q[X]. Even more, if they are not equal, then the above 
remark and the fact that they have the same leading coefficient implies 
they are relatively prime in Q|X]. Using Bezout’s theorem we conclude 
instantly that we can find a non zero integer N and P,Q € Z[X] such 
that fP+g9Q = N. This shows that for all sufficiently large n, all prime 
factors of f(n) divide N. But, of course, this contradicts Schur’s result. 

The result of example 2 remains true if we assume the same property 
valuable for infinitely many numbers n. Yet, the proof uses some highly 
non elementary results of Erdos in this field. Interested reader will find 
a rich literature on this field. 

A refinement of Schur’s lemma is discussed in the following example. 
The ingredient is, as usual, the Chinese remainder theorem. 

Example 3. Let f € Z[X] be a non constant polynomial and n, k 
some positive integers. Then prove that there exists a positive integer 
a such that each of the numbers f(a), f(a+1),...,f(a@+n-—1) has at 


least k distinct prime divisors. 


Bulgarian Olympiad 
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Solution. Let us consider an array of different prime numbers 
(pij);,;-7,g Such that for some positive integers xj; such that f(x,;) = 0 
(mod p;;). We know that this is possible from Schur’s theorem. Now, 
using the Chinese remainder theorem we can find a positive integer a 
such that aj;—1 = xj; (mod p;;). Using the fundamental result, it follows 
that each of the numbers f(a), f(a+1),...,f(a+n-— 1) has at least k 
distinct prime divisors. 

Classical arithmetic ” tricks” and the fundamental result that a — b 
divides f(a) — f(b) are the main ingredients of the following problem. 

Example 4. Find all polynomials with integer coefficients f such 


that for all sufficiently large n, f(n)|n”~+ — 1. 
Gabriel Dospinescu 


Solution. Since clearly f(X) = X — 1 is a solution, let us consider 
an arbitrary solution and write it in the form f(X) = (X —1)"g(X) with 
r > 0 and g € Z[X] such that g(1) 4 0. Thus, there exists M such that 
for all n > M we have g(n)|n™~! — 1. 

We will prove that g is constant. Supposing the contrary, then, since 
changing g and his opposite has no effect, we may assume that the 
leading coefficient of g is positive. Thus one can find k > M such that 
for all n > k we have g(n) > 2 and g(n)|n”~! — 1. Now, since n + 
g(n) —n|g(n+ g(n)) —g(n), we deduce that g(n)|g(n+ g(n)) for all n. In 
particular, for all n > k we have g(n)|g(n + g(n))|(n+ 9(n))"t9™)-1 — 1 
and g(n)|n”—! — 1. Of course, this implies that g(n)|n™t9™-! — 1 = 
(net — 1)n9™ + n9™ — 1, that is g(n)|n9™ — 1 for all n > k. Now, 
let us consider a prime number p > k and let us look at the smallest 
prime divisor of g(p+1) > 2. We clearly have q|g(p+1)|(p+1)9?*) —1 
and q|(p + 1)%-! — 1. Since ged(g(p + 1),q—1) = 1 (by minimality) and 
ged((p + 1)9"tY — 1, (p +1)! — 1) = (p + 1)949+D9-) _ 1 = p, it 
follows that we actually have p = q. This shows that p|g(p+q) and thus 
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(again using the fundamental result) p|g(1). Since this happens for any 
prime number p > k, we must have g(1) = 0. This contradiction shows 
that g is indeed constant. 

Let g(X) = c. Thus, c|2"2"-))-1 — 1 for all n > M. (2” > M). Since 
ged(2%—1, 2-1) = 29°45) _1, in order to show that |c| = 1, it suffices to 
exhibit k < m < n such that gcd(m(2™ — 1), n(2” —1)) = 1. This is very 
simple to realize. Indeed, it suffices to take m a prime number greater 
than M,k and to choose n a prime number greater than m(2™ — 1). 
A simple argument shows that gcd(m(2™ — 1),n(2” — 1)) = 1 and so 
lel =1. 

Finally, let us prove that r < 2. Supposing the contrary, we deduce 
that 


(n a 1D a7 -1% (n = Die +n”? TEREE 1 
for all sufficiently large n and since 
npn pnl = 


=n—14+(n—1)[n™3 4 2n? +--+ (n—3)n4 (n—2)], 


we obtain that n — 1\n"—3 + 2n™-4+.---+ (n—3)n+(n—2) +1 for all 


sufficiently large n, which is clearly impossible, since 


ne pon Ass H = 3)n += 2) HPS 142-4 =o) 41 
—1 —2 
= f Mn +1 (mod n-—1). 
Hence r < 2. Finally, the relation 


no — 1 = (n = 1)? [fn om +--+ (n —3)n + (n-—2)+1] 


shows that (n — 1)?|n"t — 1 for all n > 1 and allows to conclude that 


all solutions are the polynomials +(X — 1)", with r € {0,1,2}. 
After reading the solution of the following problem, the reader will 


have the impression the problem is very simple. Actually, it is extremely 
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difficult. There are many possible approaches that fail and the time spent 
for solving such a problem can very well tend to infinity. 

Example 5. Let f € Z|X] be a non constant polynomial and k > 2 
a positive integer such that YTF) € Q for all positive integers n. Then 
there exists a polynomial g € Z[X] such that f = g*. 


Folklore 


Solution. Let us assume the contrary and let us decompose f = 
pa ...pksg* where 1 < ki < k and p; are different irreducible polyno- 
mials in Q[X]. Suppose that s > 1 (which is the same as denying the 
conclusion). Since pı is irreducible in Q[X], it is relatively prime with 
pip2.-.ps and thus (using Bezout’s theorem and multiplication with in- 
tegers) there exist some polynomials with integer coefficients Q, R and 


a positive integer c such that 


Q(x)pi(x) + R(x)pi(x)pe(x)...ps(x) = c. 


Now, using the result from example 1, we can take a prime number 
q > |c| and a number n such that q|pi(n) 4 0. We shall have of course 
q\pi(n+q) (since pi(n+q) = pi(n) (mod q)). The choice q > |c| ensures 
that q does not divide pı (n)p2(n) ...ps(n) and so vg(f(n)) = vg(pi(n)) + 
kvq(g(n)). But the hypothesis says that k|vg(f(n)), so we must have 
Uq(pi(n)) > 2. In exactly the same way we obtain vg(pi(n+q)) > 2. Yet, 


using the binomial formula, we can easily establish the congruency 
pi(n +q) = pi(n) +qpi(n) (mod q”). 
Therefore, we must have q|pı(n), which contradicts q > |c| and 
Q(x)pi(x) + R(x)pi(@)pa(x) ...ps(x) = c. 


This contradiction shows that the hypothesis s > 1 was wrong and 


thus the result of the problem follows. 
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The next problem was given in the USA TST 2005 and uses a nice 
combination of arithmetic considerations and computations using com- 
plex numbers. There are many arithmetic properties of polynomials spec- 
ulated in this problem, although the problem itself is not so difficult, if 
we find the good way to solve it, of course... 

Example 6. Let us call a polynomial f € Z[X] special if for any 
positive integer k > 1, in the sequence f(1), f(2), f(3),... one can find 
numbers which are relatively prime with k. Prove that for any n > 1, at 
least 71% of all monic polynomials of degree n, with coefficient in the 
set {1,2,...,n!} are special. 


Titu Andreescu, Gabriel Dospinescu, USA TST 2005 


Solution. Of course, before counting such polynomials, it would be 
better to find an easier characterization for them. 

Let pi, p2,...,Pr all prime numbers at most equal to n and let us 
consider the sets A; = {f € M| p;|f(m), V m © N*}, where M is 
the set of monic polynomials of degree n, with coefficient in the set 


{1,2,...,n!}. We shall prove that the set T of special polynomials is 
Tr 
exactly M \ U A;. Obviously, we have T C M \ U A;. The converse, 


i=1 i<r 
however is not that easy. Let us suppose that f € Z[X] belongs to 


j 
M \ U A; and let p be a prime number greater than n. Since f is 
Hon tapes theorem ensures that we can find m such that p is 
not a divisor of f(m). It follows then that for any prime number q at 
least one of the numbers f(1), f(2), f(3),... is not a multiple of q. Let 
now k > 1 and q1, q2,...,qs its prime divisors. Then we know we can 
find u1,..., Us such that q does not divide f(u;). Using the Chinese 
remainder theorem, we can find a positive integer x such that x = uj; 
(mod qi). Then f(x) = f(ui) (mod qi) and thus q; does not divide f(z), 
thus gcd( f(x), k) = 1. The equality of the two sets is thus proved. 
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Using a brutal estimation, we obtain 


J Ai = |M- So lil. 
i=1 


i=1 


IT| = |M] — 


Pi 


(3 


Nn 
Let’s compute now |A;|. Actually, we will show that wy . Let fa 
P 


monic polynomial in A;, 
f(X) =X” Pag OE a aX +a. 
Then for any m > 1 we have 
0 = f(m) = ao + (a1 + ap + a2p—1 + a3p—2 + ...)m 


+(a2+Gp41t+dap+...)m?+---+(ap 1+A2p—2+43p 3+...)m?~! (mod p), 


where, for simplicity, we put p = p;. Using Lagrange’s theorem it follows 
that plag, play + ap + Gap_1 +...,.-.,p|@p—1 + Gap_2 +... We are going 
to use this later, but we still need a small observation. Let us count the 
number of s-tuples (£1, £2,..., £s) € {1,2,...,n!}* such that v1 + x2 + 
+--+, =u (mod p), where u is fixed. Let 
26. 28 
E = cos — + sin —. 
P P 


Let us observe that 


0 = (e+e? +- He) 


p—1 
= Se ois 28,4505 88) E€ {1,2,...,n!}*|ai+---+xz,=k (mod p)}l. 
k=0 


A simple argument related to the irreducibility of the polynomial 
14+ X +4 X?4.-..+ XP! shows that all cardinals that appear in the 
above sum are equal and that their sum is (n!)°, thus each cardinal 
equals Ant 

We are now ready to finish the proof. Assume that among the 


numbers a1, ap, @2p—1;,--- there are exactly vı numbers that among 
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Ap—1,42p—2,.-. there are vp; numbers. Using the above observations, 
it follows that we have 


n! (n!) n!)”r-1 n!)” 
ajai OD tert _ (nt 
P Pp 


Hence, we obtain 


nsare yp 


pprime 


But 


: : < : 1+ : T : T < : 
550 7) 55 ee none 1000 
and so the percent of special polynomials is at least 


1 1 1 100 1 
100 | 1 = 75- — —-— >l. 
( 4 27 m] 27 10 a 


The solution of the problem ends here. 

Example 7. Suppose that the non constant polynomial f with in- 
teger coefficients has no double roots. Then for any positive integer r 
there exists n such that f(n) has at least r distinct prime divisors, all of 
them appearing with exponent 1 in the decomposition of f(n) in prime 
factors. 

Iran Olympiad 

Solution. Already for r = 1 the problem is in no way obvious, so 
let’s not try to attack it directly and concentrate at first on the case 
r = 1. Suppose the contrary, that is for all n, all prime divisors of 
f(n) appear with exponent at least 2. Since f has no double root, we 
deduce that gcd(f, f’) = 1 in C[X] and thus also in Q[X] (because of 
the division algorithm and Euclid’s algorithm). Using Bezout’s theorem 
in Q|X], we deduce that we can find integer polynomials P, Q such that 
P(n)f(n) + Q(n)f'(n) = c for a certain positive integer c. Using the 


result stated in the first example, we can choose q > c a prime divisor 
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of a certain f(n). The hypothesis made ensures that q?|f(n). But then 
we also have q|f(n +q) and so q?|f(n + q). Using Newton’s binomial 
formula, we deduce immediately that f(n+q) = f(n)+¢f'(n) (mod q?). 
We finally deduce that q|p'(n) and so q|c, impossible since our choice was 
q > c. Thus the case r = 1 was proved. 

Let us try to prove the property by induction and suppose it is true 
for r. Of course, the existence of P, Q such that P(n) f(n)+Q(n)f'(n) = ¢ 
for a certain positive integer c did not depend on r, so we keep the above 
notations. By inductive hypothesis, there is n such that at least r prime 
divisors of f(n) appear with exponent 1. Let these prime factors be 
P1, P2,- --, Pr- But it is obvious that n + kp?p?...p? has the same prop- 
erty: all prime divisors p1, p2,..., py have exponent 1 in the decomposi- 
tion of f(n+kp?p3 ...p2). Since at most a finite number among them can 
be roots of f, we may very well suppose from the beginning that n is not 
a root of f. Consider now the polynomial g(X) = f(n + (pr... pr)? X), 


which is obviously non constant. Thus, using again the result in exam- 


ple 1, we can find q > max{|c|,p1,..., Pr, |p(n)|} a prime number and 
a number u such that q|g(u). If vg(g(u)) = 1, victory is ours, since 
a trivial verification shows that q,pi,...,pr are different prime num- 


bers whose exponents in f(n + (p1...p,)?u) are all 1. The difficult case 
is when vg(g(u)) > 2. In this case, we shall consider the number N = 
ntu(p,...pr)?+uq(p1...p,)?. Let us prove that in the decomposition of 
f(N), all prime numbers q, pi,...,p, appear with exponent 1. For any pi, 
this is obvious since f(N) = f(n) (mod (pı... pr)?). Using once again 
binomial formula, we easily obtain that f(N) = f(n + (pr... pr)2u) + 
uq(pi---Pr)?f’(N) (mod q?). Now, if vg(f(n)) > 2, then since vg(f(n + 
(p1...Pr)*u)) = v9q(g(u)) > 2, we have qļu(p1 .. . pr)? F(N). Remember 


that the choice was q > max{|c|,p1,..., Pr, |p(m)|} so necessarily qļu (if 
dal F(N) = qall f (N), f’(N))|e > q < |e, contradiction). But since q|g(w), 
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we must have q|g(0) = f(n). But hopefully, we ensured that n is not a 
roof of our polynomial and also that q > max{|c|,pi,...,p,r,|p(n)|} so 
that the last divisibility relation cannot hold. This allows to finish the 
induction step and to solve the problem. 

Example 8. Find all non constant polynomials f with integer coef- 
ficients and with the following property: for any relatively prime positive 
integers a,b, the sequence (f(an+ b))n>1 contains an infinite number of 


terms, any two of which are relatively prime. 
Gabriel Dospinescu 


Solution. We will prove that the only polynomials with the spec- 
ified property are those of the form X”, —X” with n a positive inte- 
ger. Because changing f with its opposite does not modify the property 
of the polynomial, we can suppose that the leading coefficient of f is 
positive. Thus, there exists a constant M such that for any n > M 
we have f(n) > 2. From now on, we consider only n > M. Let us 
prove that we have gcd(f(n),n) # 1 for any such n. Suppose that 
there is n > M such that gcd(f(n),n) = 1. Consequently, the sequence 
(f(n+kf(n))n>1 will contain at least two relatively prime numbers. Let 
them be s,r. Since f(n)|kf(n) = kf(n) +n — nl f(kf(n) + n) — f(n), 
we have f(n)|f(n + kf(n)) for any positive integer k. Hence ,we ob- 
tain that s,r are multiples of f(n) > 2, impossible. We have shown 
that gcd(f(n),n) # 1 for any n > M. Thus ,for any prime p > M we 
have p|f(p) and so p|f(0). Since any integer different from zero has a 
finite number of divisors, we conclude that f(0) = 0. Thus, there is a 
polynomial q with integer coefficients such that f(X) = Xq(X). It is 
obvious that q has positive leading coefficient and the same property 
as f. Repeating the above argument, we infer that if g is non-constant, 
then q(0) = 0 and q(X) = Xh(X). Since f is not constant, the above 


argument cannot be repeated infinitely many times and thus one of the 
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polynomials g, h must be constant. Consequently, there are positive inte- 
gers n, k such that f(X) = kX”. But since the sequence (f(2n + 3))n>1 
contains at least two relatively prime integers, we must have k = 1. We 
have obtained that f must have the form X”. But since f is a solution 
if and only if — f is a solution, we infer that any solution of the problem 
is a polynomial of the form X”, — X”. 

Now let us prove that the polynomials of the form X”, —X” are solu- 
tions. It is enough to prove for X” and even for X. But this follows triv- 
ially from Dirichlet’s theorem. Let us observe that there is another, more 
elementary approach. Let us suppose that x1, x2,...,2p are terms of the 
sequence, any two of which are relatively prime. We prove that we can 
add another term £p+1 so that 71, %2,..., p41 has the same property. It 
is clear that x1, %2,...,£p are relatively prime with a, so we can apply 
the Chinese remainder theorem to find £p+1 greater than 21, %2,..., Lp, 
such that £p+1 = (1 — ba," (mod 2;), i € {1,2,...,p}, where i is a’s 
inverse in Z%,. Then gcd(%p41,%;) = 1 for i € {1,2,...,p} and thus we 
can add £p+1- 

Here is an absolute classic, that appears in at least one Olympiad 
around the world each year. Very easy, it uses only the fundamental 
result. 

Example. Suppose that 


Fie n natural nenul. Care este gradul minim al unui polinom monic 


cu coeficienti intregi f astfel incat n|f(k) pentru orice k natural? 


Proposed problems 


1. Let (an)n>ı be an increasing sequence of positive integers such 
that for a certain polynomial f € Z[X] we have an < f(n) for all n. 


Suppose also that m — n|am — an for all distinct positive integers m, n. 
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Prove that there exists a polynomial g € Z[X] such that an = g(n) for 


all n. 
USAMO 1995 


2. We call the sequence of positive integers (an)n>1 relatively prime 
if gcd(am, an) = 1 for any different positive integers m,n. Find all integer 
polynomials f € Z[X] such that for any positive integer c, the sequence 
(f'"(e))n>1 is relatively prime. Here fl” is the composition of f with 
itself n times. 


Leo Mosser 


3. Are there polynomials p, q,r with positive integer coefficients such 


that 


Vietnam Olympiad 
4. Given is a finite family of polynomials with integer coefficients. 
Prove that for infinitely many numbers n, if we evaluate any member of 


the family in n, we obtain only composite numbers. 
Folklore 


5. Find all polynomials with integer coefficients such that f(n)|2"—1 


for any positive integer n. 
Poland Olympiad 


6. Suppose that f € Z[X] is a non constant polynomial. Also, sup- 
pose that for some positive integers r,k, the following property is sat- 
isfied: for any positive integer n, at most r prime factors of f(n) have 
appear with exponent at most equal to k. Does it follow that any root 
of this polynomial appears with multiplicity at least equal to k + 1? 

7. Is it true that any polynomial f € Z[X] that has a root modulo 


n for any positive integer n must necessarily have a rational root? 
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8. Let f,g € Z[X] some non zero polynomials. Let us consider the 
set Df g = {gcd( f(n), g(n))| n € N}. Prove that the two polynomials are 
relatively prime in Q|X] if and only if Dr,g. 

M. Andronache, Gazeta Matematica 1985 


9. Prove that there are no polynomials f € Z[X] with the property: 
there exists n > 3 and integers 71,...,%, such that f(x) = zi-1, i = I, n 
(indices are taken mod n). 

10. Let f € Z[X] a polynomial of degree n at least 2, with integer 
coefficients. Prove that the polynomial f(f(X))—X has at most n integer 
roots. 


Gh. Eckstein, Romanian TST 
11. Find all trinomials f € Z[X] with the property that for any 
relatively prime integers m,n, the numbers f(M), f(n) are also relatively 
prime. 
Sankt Petersburg Olympiad 
12. For the die hard: find all polynomials with the above property. 
13. Let f € Z[X] be a non constant polynomial. Show that the 
sequence f(3”) (mod b) is not bounded. 
14. Is there a second degree polynomial f € Z[X] such that for any 
positive integer n all prime factors of f(n) are of the form 4k + 3? 
AMM 
15. Prove that for any n there exists a polynomial f € Z[X] such 
that all numbers f(1) < f(2) <---< f(n) are 
a) prime numbers b) powers of 2. 
Folklore 
16. Find all integers n > 1 for which there exists a polynomial 
f € Z[X] such that for any integer k we have f(k) = 0,1 (mod n) and 


both these congruences have solutions. 
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17. Let p be a prime number. Find the maximal degree of a poly- 
nomial f € Z[X] having coefficients in the set {0,1,...,p—1}, knowing 
that its degree is at most p and that if p divides f(m) — f(n) then it 
also divides m — n. 

18. Use example 1 and properties of the cyclotomic polynomials 

AX) = J] (X-e™) 


1<k<n 
(k,n)=1 


to prove that there are infinitely many prime numbers of the form 1+kn 
for any given n > 2. You may be interested to characterize those numbers 
m,n for which p|¢@m(n), but p does not divide any other number of the 


form ¢q(n), where d is a divisor of m different from m 


Classical result 
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LAGRANGE INTERPOLATION 


Almost everyone knows the Chinese Remainder Theorem, which is a 
remarkable tool in number theory. But does everyone know the analogous 
form for polynomials? Stated like this, this question may seem impossible 
to answer. Then, let us make it easier and also reformulate it: is it true 
that given some pair wise distinct real numbers xo, 71, £2,..., £n and 
some arbitrary real numbers ao, a1, @2,...,@n, we can find a polynomial 
f with real coefficients such that f(x;) = a; for i € {0,1,...,n}? The 
answer turns out to be positive and a possible solution to this question 
is based on Lagrange’s interpolation formula. It says that an example of 


such polynomial is 


2 , ee 
f(x) 2 ai we pee (1) 
Indeed, it is immediate to see that f(x) = a; for i € {0,1,...,n}. 
Also, from the above expression we can see that this polynomial has 
degree less than or equal to n. Is this the only polynomial with this 
supplementary property? Yes, and the proof is not difficult at all. Just 
suppose we have another polynomial g of degree smaller than or equal 
than n and such that g(a;) = a; for i € {0,1,...,n}. Then the polyno- 
mial g — f also has degree smaller than or equal to n and vanishes at 
0,1,...,. Thus, it must be null and the uniqueness is proved. 

What is Lagrange’s interpolation theorem good for? We will see in 
the following problems that it helps us to find immediately the value of a 
polynomial in a certain point if we know the values in some given points. 
And the reader has already noticed that this follows directly from the 
formula (1), which shows that if we know the value in 1 + deg f points, 
then we can find easily the value in any other point without solving a 


complicated linear system. Also, we will see that it helps in establishing 
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some inequalities and bounds for certain special polynomials and will 
even help us in finding and proving some beautiful identities. 

Now, let us begin the journey trough some nice examples of problems 
where this idea can be used. As promised, we will see first how we can 
compute rapidly the value in a certain point for some polynomials. This 
was one of the favorite’s problems in the old Olympiads, as the following 
examples will show. The first example is just an immediate application 


of formula (1) and became a classical problem. 


Example 1. 
Let f be a polynomial of degree n such that 
1 2 n 
=0, f)==, f(2)=,... = l 
FO) =0, FO) = 5, D 


Find f(n+ 1). 
USAMO 1975, Great Britain 1989 


Solution. A first direct approach would be to write 


f(x) = X axa 
k=0 


and to determine ag, @1,...,@n from the linear system 
1 2 n 
F(0) = 0, F(L) = 5. £2) = Fe Fl) = 


But this is terrible, since the determinants that must be computed 
are really complicated. This is surely a dead end. But for someone who 
knows Lagrange’s Interpolation Theorem, the problem is straightfor- 
ward. Indeed, we have 


n a 6 

i Z£—j 
(= a 
pT ga 


so that 


n a $ 

a n+1—-— 3 

(r= ell pag 
i=0 n<i 
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Now, how do we compute this? The reader might say: but we have 
already found the value of f(n+1)! Well, it is tacit that the answer should 
be expressed in the closest possible form. But, after all, computing the 


above sum is not so difficult. Indeed, we can see that 


(== (n+ 1)! -( Lye 


i=j 1—i)- i!l- (n—i)! 
SEDE CET 
just by writing 


ee (n+1)n...(n+1-—-(¢-1))\(n+1-(é4+1))...1 


Ja i— j i(li — 1)...1-(—1)...(—(n — i)) 
According to these small observations, we can write 
ANE a aaea e 1) 
E (n+1)! oer 
p2 (n+1-—i)! G-I, 1) 
n n—l1 
= (n+ 1) ay ( É A EE = (n+ 1) bD 4 (jai, 


i=0 
And we have arrived at a familiar formula: the binomial theorem. 


According to this, 


a a 


This shows that f(n +1) =n+1. 

The first example was straightforward because we didn’t find any 
difficulties after finding the idea. It’s not the case with the following 
problem. 

Example 2. Let Fy = Fy = 1, Fn42 = Fn + Fry and let f bea 
polynomial of degree 990 such that f(k) = Fy for k € {992,...,1982}. 
Show that f(1983) = Fio9g3 — 1. 

Titu Andreescu, IMO 1983 Shortlist 
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Solution. So, we have f(k + 992) = Fk+992 for k = 0,990 and we 
need to prove that f(992 + 991) = Figs3 — 1. This simple observation 
shows that we don’t have to bother too much with k + 992, since we 
could work as well with the polynomial g(x) = f(z+992), which also has 
degree 990. Now, the problem becomes: if g(k) = Fk+992, for k = 0,990, 
then g(991) = Fi9s3 — 1. But we know how to compute g(991). Indeed, 


looking again at the previous problem, we find that 


990 990 
991 991 
g(991) ae g(k es \ -1) =% COLITE 


k=0 
which shows that we need to prove the identity 
990 


991 
5 ( k ) Fesooa(—1) = F983 — 1. 


k=0 
This isn’t so easy, but with a little bit of help it can be done. The 
device is: never complicate things more than necessary! Indeed, we could 
try to establish a more general identity that could be proved by induc- 
tion. But why, since it can be done immediately with the formula for 
Fn. Indeed, we know that 
a” — b” 


F, = 
“V5 


V5 +1 and b = = 


course try a direct approach: 


990 
991 
2 k ) Fisona(—1)! 


k=0 


where a = 


. Having this in mind, we can of 


990 


990 

1 To k+992 k wa k+992 k 

=` gh t992(_1)8 —S° igus (aa 
v5 E k k=0 k 

But using the binomial theorem, the above sums vanish: 


990 


990 
991 991 
9 ( : Ja R992 (_ ee i \ —a)* = a®[(1 — a) + a9). 


k=0 
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Since a? = a + 1, we have 
a??? (1 — a)?! + a?!) = a(a — a2)! + a? = —a + at, 


Since in all this argument we have used only the fact that a? = a+1 


and since b also verifies this relation, we find that 


990 
991 k 1 1983 1983 
` F; —1)* = b + b 
2 k ) k-+992( a" : ) 


al983 _ 51983 qb 
= = F983 — 1. 


v5 v5 


And this is how with the help of a precious formula and with some 


smart computations we could solve this problem and also find a nice 
property of the Fibonacci numbers. 

The following example is a very nice problem proposed for IMO 1997. 
Here, the following steps after using Lagrange’s Interpolation formula are 
even better hidden in some congruencies. It is the typical example of a 
good Olympiad problem: no matter how much the contestant knows in 
that field, it causes great difficulties in solving. 

Example 3. Let f be a polynomial with integer coefficients and let 
p be a prime such that f(0) = 0, f(1) = 1 and f(k) = 0,1 (mod p) for 
all positive integer k. Show that deg f is at least p — 1. 


IMO Shortlist 1997 


Solution. As usual, such a problem should be solved indirectly, 
arguing by contradiction. So, let us suppose that deg f < p — 2. Then, 


using the Interpolation formula, we find that 


p-1 R 
f(z) => fe) J] —. 
> ANE 
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Now, since deg f < p — 2, the coefficient of z?~! in the right-hand 
side of the identity must be zero. Consequently, we have 


Ss (j 


2 k!(p—1-— k)! 


k=0 


f(k) = 0. 


From here we have one more step. Indeed, let us write the above 


relation in the form 


and let us take this equality modulo p. Since 


a?) = @- - b+ 1)...@-1) = H nodD) 


we find that 
i J =(-1)" (mod p) 
and so 
p—1 p— 1 p—1 
CP OSE) (map) 
k=0 k=0 
Thus, 


p—1 
f(k) =0 (mod p), 
k=0 


which is impossible, since f(k) = 0,1 (mod p) for all k and not all of 
the numbers f(k) have the same remainder modulo p (for example, f(0) 
and f(1)). This contradiction shows that our assumption was wrong and 
the conclusion follows. 

It’s time now for some other nice identities, where polynomials do 
not appear at first sight. We will see how some terrible identities are 


simple consequences of the Lagrange Interpolation formula. 
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Example 4. Let aj, a2,...,an be pairwise distinct positive integers. 


ak 
Prove that for any positive integer k the number ye is an 
i=1 — aj) 
is 
integer. 


Great Britain 


Solution. Just by looking at the expression, we recognize the La- 
grange Interpolation formula for the polynomial f(x) = zt. But we may 
have some problems when the degree of this polynomial is greater than 
or equal to n. But this can be solved by working with the remainder of 
f modulo g(x) = (x — a,)(a — ag)...(@ — an). So, let us proceed, by 
writing f(x) = g(x)h(x) + r(x), where r is a polynomial of degree at 
most n — 1. This time we don’t have to worry, since the formula works 


and we obtain 


r(2) = S>r(ai) [] Z aa 
i=l 


Now, we need three observations. The first one is r(a;) = a¥, the sec- 


ond one is that the polynomial r has integer coefficients and the third one 


k 
a; : 
is that J Gan is just the coefficient of x"~! in the polynomial 


j#t 
n 
es Slee ck 
Sr (ai) II —_1 | All these observations are immediate. Combining 
ry, Gi — Oj 
i=1 j#i 


n k 
a: 
them, we find that J Tha a) is the coefficient of x”~! in r, which 
i=1 Qi — Qj 


j#i 
is an integer. Thus, not only that we have solved the problem, but we 
n k 
ai 


also found a rapid way to compute the sums of the form 5 H. 
ii | [ (ai — a) 
jFt 
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The following two problems we are going to discuss refer to combi- 
natorial sums. If the first one is relatively easy to prove using a combi- 
natorial argument (it is a very good exercise for the reader to find this 
argument), the second problem is much more difficult. But we will see 


that both are immediate consequences of the Interpolation Formula. 
n 


Example 5. Let f(x) = Scar Prove that for any non-zero 


k=0 
real number h and any real number A we have 


yy @ EE Se a 


Alexandru Lupas 


Solution. Since this polynomial has degree at most n, we have no 


problems in applying the Interpolation formula 


A-—jh 
(Agh) : 
=n A 


Now, let us identify the leading coefficients in both polynomials that 
appear in the equality. We find that 


n 


= 1 1 n 
ao= > f(A+kh = 1)? * |) f(A + kh), 
o5 DART ag a (arasin 


i#k 


which is exactly what we had to prove. Simple and elegant! Notice that 


the above problem implies the well-known combinatorial identities 


Senha) kP =0 


k=0 


for all p € {0,1,2,...,n — 1} and ie & k” =n! 
As we promised, we will discuss a much more difficult problem. The 


reader might say after reading the solution: but this is quite natural! Yes, 


it is natural for someone who knows very well the Lagrange Interpolation 
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formula and especially for someone who thinks that using it could lead 
to a solution. Unfortunately, this isn’t always so easy. 


Example 6. Prove the identity 


k=0 
Solution. We take the polynomial f(x) = x” (why don’t we take the 


n—-k{ 7 
k 
writing the formula for a polynomial of degree at most n) and we write 


polynomial f(x) = z”*t1? Simply because (—1) appears when 


the Interpolation Formula 


n Coint(e—-1)...(2-—k-1)(2-—k4+1)...(2—n n— 
a = So Kn Ea i = í a 
k=0 


Now, we identify the coefficient of x"~! in both terms. We find that 


n 


0= yey?) HO EEE 


k=0 
And now the problem is solved, since we found that 


n 


Sarena Sane 


k=0 k=0 
and we also know that 
2 n 
ea | Je =n! 
k 
k=0 
from the previous problem. 

Were Lagrange interpolation formula good only to establish identi- 
ties and to compute values of polynomials, it wouldn’t have been such 
a great discovery. Of course it is not the case, it plays a fundamental 
role in analysis. Yet, we are not going to enter this field and we prefer to 
concentrate on another elementary aspect of this formula and see how 
it can help us establish some remarkable inequalities. And some of them 


will be really tough. 
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We begin with a really difficult inequality, in which the interpola- 
tion formula is really well hidden. Yet, the denominators give sometimes 
precious indications... 

Example 7. Prove that for any real numbers 71, £2,..., £n € [—1, 1] 


the following inequality is true: 


n 


1 
> 
2 Toa 7 


j#t 


n—2 


Iran Olympiad 


Solution. The presence of II |x; — x;| is the only hint to this prob- 
j#i 
lem. But even if we know it, how do we choose the polynomial? The 
answer is simple: we will choose it to be arbitrary and only in the end 
we will decide which is one is optimal. So, let us proceed by taking 
n—-1 
fee a `> a,x" an arbitrary polynomial of degree n — 1. Then we have 
k=0 


Combining this with the triangular inequality , we arrive at a new 


inequality 


T — Tj 


UR Üj 


f@l< So if@ol TT 
k=1 j#k 
Only now comes the beautiful idea, which is in fact the main step. 


From the above inequality we find that 


FAC) 


gnr-l 


<5 |f(xx)| 1 ~ *4) 


~ gat L| lee - zl jk £ 
j#k 
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and since this is true for all non-zero real numbers x, we may take the 


limit when x — œ and the result is pretty nice 


|f(xx)| 
|an—1| 3 T Tiaa 


j#k 


This is the right moment to decide what polynomial to take. We 
need a polynomial f such that |f(x)| < 1 for all z € [—1,1] and such 
that the leading coefficient is 2”~?. This time our mathematical culture 
will decide. And it says that Chebyshev polynomials are the best, since 
they are the polynomials with the minimum deviation on [—1,1] (the 
reader will wait just a few seconds and he will see a beautiful proof of 
this remarkable result using Lagrange’s interpolation theorem). So, we 
take the polynomial defined by f(cos x) = cos(n — 1)a. It is easy to see 
that such a polynomial exists, has degree n — 1 and leading coefficient 


2"-. so this choice solves our problem. 


f(£r)| 


|x | 


Note also that the inequality |an—i| < 3 Tiaa can be 


proved by identifying the leading coefficients in the entity 


and then using the triangular inequality. 

The following example is a fine concoct of ideas. The problem is not 
simple at all, since many possible approaches fail. Yet, in the frame- 
work of the previous problems and with the experience of Lagrange’s 
interpolation formula, it is not so hard after all. 

Example 8. Let f € R|X] be a polynomial of degree n with leading 


coefficient 1 and let ro < £1 < T2 <-+-- < £n be some integers. Prove 
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that there exists k € {1,2,...,n} such that 


n! 
Crux Matematicorum 


Solution. Naturally (but would this be naturally without having 


discussed so many related problems before?), we start with the identity 


fe) = > se T] = 


k=0 jtk 


Now, repeating the argument in the previous problem and using the 


fact that the leading coefficient is 1, we find that 


n 

|f(rx)| = 

xo | | |2% - 25 

jek 

It is time to use that we are dealing with integers. This will allow us 

to find a good inferior bound for II |x, — x;| > 1. This is easy, since 

jfk 
II |Ek —2j| = (Lk — L0) (£k — 21)... (Lk — Fe_-1)(e41 — Lk)... (Ln — Tk) 
jek 
> k(k—1)(k—2)...1-1-2...(n—k) = k!(n— k)!. 


And yes, we are done, since using these inequalities, we deduce that 


Now, since 


Z 1 ISMA 2” 
> Mn- ee DE <3 
= kl(n=k)! n! k n! 
it follows trivially that 
n! 
Fen 2 oa 
We shall discuss one more problem before entering in a more detailed 


study of Chebyshev polynomials and their properties, a problem given 
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in the Romanian mathematical Olympiad and which is a very nice ap- 
plication of Lagrange’s interpolation formula. It is useless to say that it 
follows trivially using a little bit of integration theory and Fourier series. 

Example 9. Prove that for any polynomial f of degree n and with 


leading coefficient 1 there exists a point z such that 
|z| = 1 and |f(2)| > 1. 


Marius Cavachi, Romanian Olympiad 
Solution. Of course, the idea is always the same, but this time 
it is necessary to find the good points in which we should write the 


interpolation formula. As usual, we shall be blind and we shall try to 


find these points. Till then, let us call them simply £o, £1, £2, ..., n and 
write 
3 |f(xx)| >1. 
k=0 I] [zk — zyl 
j#k 


This inequality was already proved in the two problems above. Now, 


consider the polynomial 


We have then 
lo (ws)| = |] (@ - z). 
j#t 


Now, of course we would like, if possible, to have |x;| = 1 and also 


n 1 n 
5 f < 1. In this case it would follow from Wew: >1 
cao (9 (x) k=0 I] [£k — zj] 
jÆk 


that at least one of the numbers |f(x,)| is at least equal to 1 and the 


problem would be solved. Thus, we should find a monic polynomial g of 


1 
degree n + 1 with all roots of modulus 1 and such that J Fed <1 
g \Tk 
k=0 
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This is trivial: it suffices of course to consider g(x) = z”! — 1. The 
conclusion follows. 
We have an explanation to give: we said the problem follows trivially 


with a little bit of integration theory tools. Indeed, if we write f(x) = 
n 
5 agx" then one can check with a trivial computation that 


k=0 


a a ity —ikt 
a wedt 
ak FR f(e”)e 


and from here the conclusion follows since we will have 


27 = 


2a ; . 2T i 
eea < i | f(e"|dt < 20 max |f(z)|. 
0 |z|=1 


0 


Of course, knowing already this in 10-th grade (the problem was 
given to students in 10-th grade) is not something common... 

The next problems will be based on a very nice identity that will 
allow us to prove some classical results about norms of polynomials, 
to find the polynomials having minimal deviation on [—1,1] and also to 
establish some new inequalities. In order to do all this, we need two quite 
technical lemmas, which is not difficult to establish, but very useful. 


kr 
Lemma 1. If we put tk = cos —, O0 < k < n, then 
n 


Proof. The proof is simple. Indeed, if we consider 


(Oe Gay ai eae 


Qn 
using the binomial formula we can establish immediately that it is a 
x 
polynomial. Moreover, from the obvious fact that lim g(x) = 1, we 
zoo gr+1 


deduce that it is actually a monic polynomial of degree n + 1. The fact 
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that g(t.) = 0 for all 0 < k < nis easily verified using Moivre’s formula. 
All this proves the first lemma. 
A little bit more computational is the second lemma. 


Lemma 2. The following relations are true: 


i) [[ t- t;) = Ea ifl<k<n-l; 


Qn-1 
jfk 
n 
ii) [[(to -t3) = a; 
j=l 
n-1 
“3 (-1)"n 
iii) [[t i= E 
j=0 


Proof. Simple computations, left to the reader, allow us to write: 
f'(e) = eyr 1)" + (@- Va? -1)"] 
x 
+————_[(4 + Vx? — 1)" — (a x2 — 1)”]. 
m e " 


Using this formula and Moivre’s formula we easily deduce i). To 


prove ii) and iii) it suffices to compute lim f'(x), using the above for- 
Hf oe aes 


mula. We leave the computations to the reader. 

Of course, the reader hopes that all these computations will have a 
honourable purpose. He’s right, since these lemmas will allow us to prove 
some very nice results. The first one is a classical theorem of Chebyshev, 
about minimal deviation of polynomials on [—1, 1]. 

Example 10. (Chebyshev theorem) Let f € R[X] be a monic poly- 


nomial of degree n. Then 


> 
a WP) 2 saa 


and this bound cannot be improved. 
Solution. Using again the observation from problem 7, we obtain 


the identity: 


T=) fte I] 


k=0 jfk re Uy 
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Thus, we have 


n 
1 
1< t mo 
< max A) 2 
[[@-+) 
j#k 
Now, it suffices to apply lemma 2 to conclude that we actually have 


n 


k=0 
[[ Ge - 4) 
j#k 
1 
This shows that say : |f(x)| > mA and so the result is proved. 
xe|—1,1 
To prove that this result is optimal, it suffices to use the polynomial 
Ta(£) = cos(narccos(x)). It is an easy exercise to prove that this is 
really a polynomial (called the nth polynomial of Chebyshev of the first 
kind) and that it has leading coefficient 2"~' and degree n. Then the 
1 
polynomial ael n is monic of degree n and 


1 
5nailn(2) 


max = ——. 
gn-1 


x€[—-1,1] 


There are many other proof of this result , many of them are much 
easier, but we chosen this one because it shows the power of Lagrange 
interpolation theory. Not to say that the use of the two lemmas allowed 
us to prove that the inequality presented in example 7 is actually the 
best. 

Some years ago, Walther Janous presented in Crux the following 
problem as open problem. It is true that it is a very difficult one, but 
here is a very simple solution using the results already achieved. 

Example 11. Suppose that ao,ai,...,@n are real numbers such that 


for all x € [—1,1] we have 
lag + aiz +---+angz”| <1. 
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Then for all x € [—1,1] we also have 
|an + ang + +++ + agx”| < 2" 1. 


Walther Janous, Crux Matematicorum 


Solution. Actually, we are going to prove a stronger result, that is: 


Lemma. Denote 


IfI = max |f). 


zej-1,1] 
Then for any polynomial f € R|X] of degree n the following inequal- 
ity is satisfied: 


|f(x)| < |Tr(x)|- || f|| for all |z| > 1. 


Proof. Using Lagrange’s interpolation formula and modulus in- 


equality, we deduce that for all u € oe 1] we have: 


Sie 2l 


The very nice idea is to use now again Lagrange interpolation for- 


mula, this time for the polynomial Tp. We shall then have 


™ (2) |= EF yo "H a 


k=0 jżk 
(the last identity being ensured il lemma 2). By combining the two 


results, we obtain 


1915 


and the conclusion follows. 


T, (=)| | fl] for all w € [-1,1] 
U 


Coming back to the problem and considering the polynomial f(x) = 


n 


vP a,x", the hypothesis says that || || < 1 and so by the lemma we have 
k=0 


|f(x)| < |T,(x)| for all |x| > 1. 
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We will then have for all x € [—1, 1]: 


IA 


lan + On—1% +--+ aoz”| = 


C) 


It suffices to prove that 


which can be also written as 


G +vV1= 2) BO vV- r) = 


But this inequality is very easy to prove: just set a = v1 — 2x? € [0,1] 
and observe that h(a) = (1—a)"+(1+a)” is a convex function on (0, 1], 
thus its superior bound is attained in 0 or 1 and there the inequality is 


trivially verified. Therefore we have 
lan + Qn—1z++++ + age"| < 21 


and the problem is solved. 
We end this topic with a very difficult problem, that refines a prob- 
lem given in a Japanese mathematical Olympiad in 1994. The problem 


has a nice story: given initially in an old Russian Olympiad, it asked to 


prove that 
n n 
max x —a;| < 108” max L— Qj 
max TI il S ma II il 
for any real numbers a1, a2,...,an. The Japanese problems asked only 


to prove the existence of a constant that could replace 108. A brutal 
choice of points in Lagrange interpolation theorem gives a better bound 
of approximately 12 for this constant. Recent work by Alexandru Lupas 
reduces this bound to 1 + 2v6. In the following, we present the optimal 
bound. 
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Example 12. For any real numbers a1, a2,...,@n, the following in- 


equality holds: 


max | | |x Pare Cea ERa max JJe- ail 


x€ [0,2] rary 2 xeé (0, 1); 


Gabriel Dospinescu 


Solution. Let us denote 


lFlla t = a |f(x)| 


for a polynomial f and let, for simplicity, 
_ (3 +2V2)" + (3 — 2v2)” 
= 5 ; 
We thus need to prove that || fllio] < cnllflljo,1j where 


n 


f(a) = [[(« - a). 


i=1 

We shall prove that this inequality is true for any polynomial f, 
which allows us to suppose that ||f'||jo1; = 1. We shall prove that for 
all x € [1,2] we have |f(x)| < £n. Let us fix x € [1,2] and consider the 


numbers zk = Seat Using Lagrange interpolation formula, we deduce 
that 


yeols TT zy ii oa 


Rogen IET T iy [te Eal ke — zyl 
n n 
2-2; 3-1; 
SDS Mca 
k=0 j#k J k=0 j£k J 
Using lemma 2, we can write 
gn-1 n-1 
3—t; 
Sle a Se 
j#k k=1 j#k 
gn-2 n—-1 n 
F [[@-+) + [[@- 4%) 
j=0 j=l 
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Using again the two lemmas, we obtain: 


E + 2/2)" + (3 — 2/2)"] + —* [63 + 2V2)” — (3 — 2V2)” 


EN 
-STe -t) + Tle -1)+]I@- 


k=1 j#k j=l 


All we have to do now is to ake 


n—-1 n 
[[@-#)+[[@-4) = s[e- 
j=0 j=l 


But using lemma 1, we deduce immediately that 


[[@-t)= mangle 3+ 2V3) — (3 — 2V2)"). 


Putting all these observations together and making a small compu- 
tation, that we let to the reader, we easily deduce that |f(x)| < cn. This 
proves that || fl[0,2} < enll fllo, and solves the problem. 


Problems for training 


1. A polynomial of degree 3n takes the value 0 at 2,5,8,...,3n—1, 
the value 1 at 1,4,7,...,3n — 2 and the value 2 at 0,3,6,...,3n. It’s 
value at 3n + 1 is 730. Find n. 


USAMO 1984 


2. A polynomial of degree n verifies p(k) = 2" for all k = 1,n + 1. 
Find its value at n + 2. 


Vietnam 1988 


3. Prove that for any real number a we have the following identity 


Tepper’s identity 
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: . kf ™\  n4+2 Z k| ™\ 43 
4. Find 2-9) OL and ) (-1) (i) i 
AMM 


5. Prove that 


and compute 


Peter Ungar, AMM E 3052 


7. Let a,b,c be real numbers and let f(x) = ax? + bz + c such that 
max{|f(+1)|,|f(0)|} < 1. Prove that if |x| < 1 then 


(s2 


8. Let f € R|X] a polynomial of degree n that verifies |f (x)| < 1 for 


all x € [0,1], then 
n 


9. Let a,b,c,d € R such that |arz?+bx?+cxr+d| < 1 for all x € [-1, 1]. 


Pama 


Ifa) < Ž and 


Spain, 1996 


What is the maximal value of |c|? Which are the polynomials in which 


the maximum is attained? 


Gabriel Dospinescu 
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10. Let a > 3 be a real number and p be a real polynomial of degree 
n. Prove that 


max |a — p(i)| > 1. 
i=0,n41 


India, 2001 

11. Find the maximal value of the expression a? + b? + c? if |ax? + 
bx + c| < 1 for all x € [—1, 1]. 

Laurentiu Panaitopol 


12. Let a,b,c,d € R such that |az? + bz? + cx + d| < 1 for all 
€ [-1,1]. Prove that 


|a| + |b| + |e] + |d| < 7. 


IMO Shortlist, 1996 
< i}. 


IMC, 1998 


1 
13. Let A = pE R[X]| deg p < 8, |p(+1)| <1, b (+5) 


Find sup max |p" (x)|. 
peA lz|<1 


14. a) Prove that for any polynomial f having degree at most n, the 
following identity is satisfied: 


n 225 


f(a) = Fhe) + 2 ed 


where zę are the roots of the polynomial |X" + 1. 


b) Deduce Bernstein’s inequality: || f’|| < || f|| where 


|| fl] = max | f(x). 


|a|<1 
P.J. O'Hara, AMM 
15. Define F(a, b,c) = m |x? — az? — bx — c|. What is the least 
possible value of this function over R3? 


China TST 2001 
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HIGHER ALGEBRA IN COMBINATORICS 


Till now, we have seen numerous applications of analysis and higher 
algebra in number theory and algebra. It is time to see the contribution 
of this ”non-elementary mathematics” to combinatorics. It is quite hard 
to imagine that behind a simple game, such as football for example 
or behind a quotidian situation such as handshakes there exists such 
complicated machinery, but this happens sometimes and we will prove it 
in the next. For the beginning of the discussion, the reader doesn’t need 
any special knowledge, just imagination and the most basic properties 
of the matrices, but, as soon as we advance, things change. Anyway, 
the most important fact is not the knowledge, but the ideas and, as we 
will see, it is not easy to discover that ”non-elementary” fact that hides 
after a completely elementary problem. Since we have clarified what is 
the purpose of the unit, we can begin the battle. 

The first problem we are going to discuss is not classical, but it is easy 
and a very nice application of how linear-algebra can solve elementary 
problems. Here it is. 

Example 1. Let n > 3 and let An, Bn be the sets of all even, 
respectively, odd permutations of the set {1,2,...,}. Prove the equality 


n n 
Z Ei- E El- 
oEAn i=1 o€Bn i=1 
Nicolae Popescu, Gazeta Matematica 
Solution. Writing the difference 


> a lecs So S a0] 


o€A, i=1 cE By i=1 


as 


> el) So li- eli) = 0, 
i=1 


oESn 
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where 


reminds us about the formula 


det A = E(7)@19(1)420(2) -te Ano(n): 
oESn 


We have taken here Sp = An U Bn. But we don’t have any product 
in our sum! That is why we will take an arbitrary positive number a and 


we will consider the matrix A = (alii )ici jcn. This time, 


det A = 5 (1) eee! nate gine) 
oESn 


= > p> mane = >D ee 


cE An o€Bn 


This is how we have obtained the identity 


1 x qe gn 2 grt 

x Gohan T gr? 

x? x gnr—4 gn3 
gl g7? x 1 

> li-o(%)| > li-o()| 
Z xi=1 — ) gist R (1) 

TESn oESn = 
o para oimpara 


Anyway, we still do not have the desired difference. What can we do 
to obtain it? The most natural way is to derive the last relation, which is 


nothing else than a polynomial identity, and then to take x = 1. Before 
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doing that, let us observe that the polynomial 


1 x r2 gn—2 grt 

x £ gn—3 gn—2 

x2 r gnr—4 gn—3 
gerd. g? x 1 


is divisible by (a — 1)”. This can be easily seen by subtracting the first 
line from the second and the third one and taking from each of these 
line x — 1 as common factor. Thus, the derivative of this polynomial is 
a polynomial divisible by x — 1, which shows that after we derive the 
relation (1) and take x = 1, in the left-hand side we will obtain 0. Since 


in the right-hand side we obtain exactly 


n n 
> y kazola do De®) 
o€An i=1 o€Bn i=1 

the identity is established. 

Here is another nice application of this trick. We have seen how many 
permutation do not have a fixed point. The question that arises is how 
many of them are even. Here is a direct answer to the question, using 
determinants. 

Example 2. Find the number of even permutations of the set 
{1,2,...,n} that do not have fixed points. 

Solution. Let us consider Cn, Dn, respectively, the sets of even and 
odd permutations of the set {1,2,...,n}, that do not have any fixed 
points. We know how to find the sum |C,,| + |D,|. We have seen it in 


the unit ” Principiul includerii si excluderii” that it is equal to 


erste (—1)" 
i a Ea a 
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Hence if we manage to compute the difference |C;,| — |Dn|, will be 
able to answer to the question. If we write 
[Cr] — [Da] = `> i Ss” 1, 
oEAn oEBn 
o(i)żi o(i)Żi 
we observe that this reduces to computing the determinant of the matrix 


T = (tij)i<ij<n, Where 


[y if ij 
tij = 


0, if i=j 
That is, 
0 1 1 1 
1 0 1 1 
[Chl a IDn| = 
1 1 1... 0 


But it is not difficult to compute this determinant. Indeed, we add 
all columns to the first one and we give n — 1 as common factor, then 
we subtract the first column from each of the other columns. The result 


is |C,| — |Dn| = (—1)"~!(n — 1) and the conclusion is quite surprising: 


__1)n-2 
[Cn] = snl (1 D Ae 5 SaNa = =r) yeah ee een 


We will focus in the next problems on a very important combina- 
torial tool, that is the incidence matrix (cum se spune la matricea de 
incidenta?). What is this? Suppose we have a set X = {21,22,...,2n} 


and X1, X2,..., Xk a family of subsets of X. Now, define the matrix 


1l, if ape Gy 
Qij = 
0, if Ti € Xj 
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This is the incidence matrix of the family X 1, X2,..., Xk and the 
set X. In many situations, computing the product +A - A helps us to 
modelate algebraically the conditions and the conclusions of a certain 
problem. From this point, the machinery activates and the problem is 
on its way of solving. 

Let us discuss first a classical problem, though a difficult one. It ap- 
peared in USAMO 1979, Tournament of the Towns 1985 and in Bulgar- 
ian Spring Mathematical Competition 1995. This says something about 
the classical character and beauty of this problem. 

Example 3. Let Aj, A2,...,An4i be distinct subsets of the set 
{1,2,...,n}, each of which having exactly three elements. Prove that 
there are two distinct subsets among them that have exactly one point 
in common. 

Solution. Of course, we argue by contradiction and suppose that 
|A; N A;| € {0,2} for all i 4 j. Now, let T be the incidency matrix of 
the family A1, Ag,...,An4+1 and compute the product 


n n n 
x ie Ss" tkitk2  «-. Ss" tktkn+1 
k=1 k=1 k=1 


tT.T = nes nes te ea 
n n n 
So thntite X tinsiitee zr So that 
k=1 k=1 k=1 
But we have of course 
n 

eh, = |Aj| =3 
k=1 


and 


n 
3 eet = |A; N A;| € {0,2}. 
k=1 
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Thus, considered in the field (R2, +, :), we have 


oS) 


0. 0 
EPET SA seas a ae ode 
0.. 0 


=) 


©) 
=} 


where X is the matrix having as elements the residues classes of the 
elements of the matrix X. Since of course det X = det X, the previous 
relation shows that det tT - T is odd, hence non-zero. This means that 
tTyT is an invertible matrix of size n+ 1, thus ranktT -T = n+1 which 
contradicts the inequality rank T-T < rankT < n. This shows that our 
assumption was wrong and there exist indeed indices i # j such that 
|A;N A;| = 1. 

The following problem is very difficult to solve by elementary means, 
but the solution using linear-algebra is straightforward. 

Example 4. Let n be an even number and A1, A2, ..., An be distinct 
subsets of the set {1,2,...,n}, each of them having an even number of 
elements. Prove that among these subsets there are two having an even 
number of elements in common. 


Solution. Indeed, if T is the incidency matrix of the family 


Aj, Á2,..., An, we obtain as in the previous problem the following rela- 
tion 
|Aj| |AN Aol ... [ALN Anl 
eS ws i a 
|AnMAi| |AnM Ag] ... |An| 


Now, let us suppose that all the numbers |A; N A;| are odd and 
interpret the above relation in the field (R2,+,-). We find that 


~ “is, nee: I 
BEES (eer ee e a 
T I... I 0 
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which means again that det ‘T...T is odd. Indeed, if we work in 


(R2, +,-), we obtain 


0 T T T 
T sus =]. 
T T T 0 


The technique used is exactly the same as in the second example, 
only this time we work in a different field. Note that this is the moment 
when we use the hypothesis that n is even. Now, since det ‘T-T = det? T, 
we obtain that det T is also an odd number. Hence we should try to prove 
that in fact det T is an even number and the problem will be solved. Just 
observe that the sum of elements of the column i of T is |A;|, hence an 
even number. Thus, if we add all lines to the first line, we will obtain 
only even numbers on the first line. Since the value of the determinant 
doesn’t change under this operation, the conclusion is plain: det T is 
an even number. Since a number cannot be both even and odd, our 
assumption was wrong and the problem is solved. 

Working in a simple field such as (R2, +, -) can allow us to find quite 
interesting solutions. For example, we will discuss the following problem, 
used for the IMO preparation of the Romanian IMO team in 2004. 

Example 5. The squares of a n x n table are colored with white and 
black. Suppose that there exists a non-empty set of lines A such that 
any column of the table has an even number of white squares that also 
belong to A. Prove that there exists a non-empty set of columns B such 
that any line of the table contains an even number of white squares that 


also belong to B. 
Gabriel Dospinescu 
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Solution. This is just the combinatorial translation of the well- 
known fact that a matrix T is invertible in a field if and only if its 
transpose is also invertible in that field. But this is not that easy to see. 

Let us proceed easily. In each white square we write the number 1 
and in each black square we put a 0. We thus obtain a binary matrix 


T = (tij)1<i,j<n- From now on, we work only in (R2, +,:). Suppose that 
k 


A contains the columns aj, a2,...,a,. It follows that `> ta,j = 0 for all 


i=1 
j =1,n. Now, let us take 
1, if icA 
Tti = 
0, if ig A 
It follows that the system 
1121 + t2122 + +++ +tnizn =0 
ty221 + t2222 + +++ + tn22n = 0 
tinz + tonz2 +++: +tam2n = 0 
admits the non-trivial solution (21, £2,..., £n). Thus, detT = 0 and 


consequently det ‘T= 0. But this means that the system 


U11Y1 + U12Y2 +`: + UinYn = 0 


U21Y1 + U22y2 +++ + UanYn = 0 


Un1Y1 + Un2y2 + +++ + UnnYn = 0 


also has a non-trivial solution in R2. Now, we take B = {i| y; 4 0} and 


we will clearly have B Æ —) and bp Uig = 0, i = 1,n. But this mean that 


xEB 
any line of the table contains an even number of white squares that also 


belong to B and the problem is solved. 
In the end of this sub-unit, we will discuss a very difficult problem, 


in which just knowing the trick of computing +A - A does not suffice. It 
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is true that it is one of the main steps, but there are much more things 
to do after we compute ‘A- A. And if for these first problems we have 
used only intuitive or well-known properties of the matrices and fields, 
this time we need a more sophisticated machinery: the properties of the 
characteristic polynomial and eingenvalues of a matrix. It is exactly that 
kind of problem that kills you just when we feel most strong. 
Example 6. Let S = {1,2,...,n} and A be a family of pairs of 
elements from S with the following property: for any i, 7 € S there exist 
exactly m indices k € S for which (7,k),(k,7) € A. Find all possible 


values of m,n for which this is possible. 
Gabriel Carrol 


Solution. This time, it is easy to see what hides after the problem. 


Indeed, if we take T = (tij)1<ij<n, where 


1, if(,j)EA 
Qij = 


0, otherwise 


the existence of the family A reduces to 


m m m 

2 m m m 
TE = 

m m m 


So, we must find all values of m,n for which there exist a binary 


matrix T such that 


m m m 

2 m m m 
TF= 

m m m 
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Let us consider 


m m m 
m m m 
TB = 
m m m 


and find the eigenvalues of B. This is not difficult, since if x is an ein- 


genvalue, then 


m=xrt m m 
m m m 
m m m— r 


If we add all columns to the first one and then take the common 


factor mn — x, we obtain the equivalent form 


1 m m 
1 m-rr i m 

(mn — z) =0. 
1 m m— r 


In this final determinant, we subtract from each column the first 


column multiplied by m and we obtain in the end the equation 


x”l(mn — x) = 0, which shows that the eigenvalues of B are precisely 
0,0,...,0,mn. But these are exactly the squares of the eigenvalues of 
Se 


n-1 


T. Thus, T has the eingevalues 0,0,...,0, ymn, because the sum of the 
———— 


n—l1 
eingenvalues is nonnegative (being equal to the sum of the elements of 


the matrix situated on the main diagonal). Since TrT € R, we find that 
mn must be a perfect square. Also, because TrT < n, we must have 


m<n. 
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Now, let us prove the converse. So, suppose that m < n and mn is 


a perfect square and write m = du?, n = dv”. Let us take the matrices 


I=(11...11), O=(00...00). 
SS SV 
dv dv 


Now, let us define the circulant matrix 


S= u v—u—1 € Moy n({0, 1}). 


Finally, we take 


It is not difficult to see that 


A? = 


The last idea that we present here (but certainly these are not all 
the methods of higher mathematics applied to combinatorics) is the use 
of vector spaces. Again, we will not insist on complicated notions from 
the theory of vector spaces, just the basic notions and theorems. Maybe 
the most useful fact is that if V is a vector space of dimension n (that is, 
V has a basis of cardinal n), then any n +1 or more vectors are linearly 


dependent. As a direct application, we will discuss the following problem, 
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which is very difficult to solve by means of elementary mathematics. Try 
first to solve it elementary and you will see how hard it is. The following 
example is classical, too, but few people know the trick behind it. 
Example 7. Let n be a positive integer and let A1, Ao,..., Andi 
be nonempty subsets of the set {1,2,...,n}. Prove that there ex- 
ist nonempty and disjoint index sets ly = {i1,i2,..., ik} and h = 


{j1, J2,- --, Jm} such that 
Aj, U Áis U ++ U Ay, = Aj, U Aj, U+ U Aj, 


Solution. Let us associate to each subset A; a vector v; € R”, where 


vi = (xl, x?,..., 2%) and 


Since dim R” = n, these vectors we have just constructed must be 
linearly dependent. So, we can find a1,a2,...,a@n+1 € R, not all of them 
0, such that 

a1v1a2v2 + +++ + an+1Vn+1 = 0. 

Now, we take I = {i € {1,2,...,n + 1}| a; > 0} and h = {i € 
{1,2,...,n+1}| a; < 0}. It is plain that J, I2 are nonempty and disjoint. 
Now, let us prove that U A; = U A; and the solution will be complete. 

icl icl 
Let us take z € U A; and suppose that x ¢ U A;. Then the vectors v; 


icli iE€l2 
with 7 € Ig have zero on their zth component, so the zth component of 


the vector a1v1 +aqvo+-+-+@n41Un+1 is `, aj > 0, which is impossible, 


xeA; 
jeh 


since a1V1 + a2v2 +- -+ an+1Vn+1 = 0. This shows that U Ai C U Aj. 


ich iE 
But the reversed inclusion can be proved in exactly the same way, so we 


conclude that (ay Aj = U Aj. 


icl icl2 
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In the end of this ”non-elementary” discussion, we solve another 
problem, proposed for the TST 2004 in Romania, whose idea is also 
related to vector spaces. 

Example 8. 30 boys and 20 girls are preparing for the 2004 Team 
Selection Test. They observed that any two boys have an even number 
of common acquaintances among the girls and exactly 9 boys know an 
odd number of girls. Prove that there exists a group of 16 boys such that 
any girls attending the preparation is known by an even number of boys 


from this group. 


Gabriel Dospinescu 


Solution. Let us consider the matrix A = (a;;) where 


1, if Bi knows F; 
Qij = 


0, otherwise 


We have considered here that Bı, Bo,...,B39 are the boys and 
F,, F2,..., Fz are the girls. Now, consider the matrix T = A- tA. We 


observe that all the elements of the matrix T, except those from the 
20 


main diagonal are even (because tj; = 9 Qikajk is the number of com- 
k=1 
mon acquaintances among the girls of the boys B;, B;). The elements on 


the main diagonal of T are exactly the number of girls known by each 
boy. Thus, if we consider the matrix T in (R2, +,-), it will be diagonal, 
with exactly nine non-zero elements on its main diagonal. From now on, 
we will work only in (R2, +,-). We have seen till now that rankT = 9. 
Using Sylvester inequality, it follows that 


9 =rankT > rankA + rank‘ A — 20 = 2rank t A — 20 
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hence r = rank'A < 14. Let us consider now the linear system in 


(R2, +, °): 


Q1121 + a21£2 + +++ + 301230 = 0 


Q1271 + a22£2 + +++ + a302£30 = 0 


412021 + A220%2 +--+ + 43020%30 = 0 
The set of solutions of this system is a vector space of dimension 
30 — r > 16. That is why we can choose a solution (x1, %2,...,230) of 
the system, having at least 16 components equal to T. Finally, consider 
the set M = {i € {1,2,...,30}| z; = 1}. We have proved that |M| > 16 
and also D aji = 0 for all i = 1,20. But we observe that 3 aji is just 
jEM jEM 
the number of boys By with k € M such that Bk knows F;. Thus, if we 
choose the group of those boys Bg with k € M, then each girl is known 


by an even number of boys from this group and the problem is solved. 


Problems for training 


1. Let p > 2 be an odd prime and let n > 2. For any permutation 


a € Sn, we consider 
S(a) =X kolk): 
k=1 


Let A;, Bj, respectively, be the set of even, respectively odd permu- 
tations o for which S(o) = j (mod p). Prove that n > p if and only if 
A; and B; have the same number of elements for all j € {0,1,...,p— 1}. 


Gabriel Dospinescu 


2. Let n > 2. Find the greatest number p such that for all k € 
{1,2,...,p} we have 


z k n k 
> (Ero) sy (si) | 
GEA, \i=l o€B, \i=l 
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where An, Bn are, respectively, the sets of all even, respectively, odd 


permutations of the set {1,2,...,n}. 
Gabriel Dospinescu 


3. Is there in the plane a configuration of 22 circles and 22 points 
on their union (the union of their circumferences) such that any circle 


contains at least 7 points and any point belongs to at least 7 circles? 
Gabriel Dospinescu, Moldova TST 2004 


4. Let A1, Ao,..., Am be distinct subsets of a set A with n > 2 ele- 
ments. Suppose that any two of these subsets have exactly one elements 
in common. Prove that m < n. 

5. The edges of a regular 2”-gon are colored red and blue. A step 
consists of recoloring each edge which is the same color as both of its 
neighbours in red, and recoloring each other edge in blue. Prove that 
after 2”~! steps all of the edges will be red and show that this need not 


hold after fewer steps. 
Iran Olympiad, 1998 


6. Problema de la Vietnamezi cu cunostintele 
7.n > 2 teams compete in a tournament and each team plays against 
any other team exactly once. In each game, 2 points are given to the 
winner, 1 point for a draw and 0 points for the looser. It is known that 
for any subset S of teams, one can find a team (possibly in S$) whose 
total score in the games with teams in S' is odd. Prove that n is even. 
D. Karpov, Russian Olympiad,1972 
8. On an m x n sheet of paper is drawn a grid dividing the sheet 
into unit squares. The two sides of length n are taped together to form a 
cylinder. Prove that it is possible to write a real number in each square, 
not all zero, so that each number is the sum of the numbers in the 


neighboring squares, if and only if there exist integers k,l such that 
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n + 1 does not divide k and 


2lr kr 
COS + cos = 
m n+1 2 


Ciprian Manolescu, Romanian TST 1998 


9. In acontest consisting of n problems, the jury defines the difficulty 
of each problem by assigning it a positive integral number of points (the 
same number of points may be assigned to different problems). Any 
participant who answers the problem correctly receives that number 
of points for the problem; any other participant receives 0 points. After 
the participants submitted their answers, the jury realizes that given any 
ordering of the participants (where ties are not permitted), it could have 
defined the problems’ difficulty levels to make that ordering coincide 
with the participants’ ranking according to their total scores. Determine, 
in terms of n, the maximum number of participants for which such a 


scenario could occur. 
Russian Olympiad, 2001 


10. Let S = {z0, £1,..-, £n} C [0,1] be a finite set of real numbers 
with zo = 0, x; = 1, such that every distance between pairs of elements 
occurs at least twice, except for the distance 1. Prove that S consists of 


rational numbers only. 
Iran Olympiad 


11. Let z1,..., £n be real numbers and suppose that the vector space 
spanned by x; — 2; over the rationals has dimension m. Then the vector 
space spanned only by those z; — x; for which x;—a; 4 x, — xı whenever 


(i,j) 4 (k,l) also has dimension m. 


Strauss theorem 
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12. Let Ai, Az,..., Am some subsets of {1,2,...,n}. Then there are 
disjoint sets J, J with non-empty union such that U A; = U Aj and 
icI jEJ 
N4 = N4. 
icI jeJ 
Lindstrom theorem 


13. There is no partition of the set of edges of the complete graph 


on n vertices into (strictly) fewer than n — 1 complete bipartite graphs. 
Graham-Pollak theorem 


14. Let 2n+1 real numbers with the property that no matter how we 
eliminate one of them, the rest of them can be divided into two groups 
of n numbers, the sum of the numbers in the two groups being the same. 
Then all numbers are equal. 

15. In a society, acquaintance is mutual and even more, any two 
persons have exactly one friend. Then there is a person that knows all 


the others. 
Universal friend theorem 


16. Let Aj,...,Am and B,,..., Bp subsets of {1,2,...,n} such that 
Ai N Bj is an odd number for all i, j. Then mp < Ga. 


Benyi Sudakov 


17. Let Aj,...,An, Bi,...,Bpn C A= {1,2,...,n} with the proper- 
ties: 

a) for any nonempty subset T of A, there is i € A such that |A; NT] 
is odd. 

b) for any i,j € A, A; and B; have exactly one common element. 


Then prove that Bı = B2 =---= By. 


Gabriel Dospinescu 
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18. A symmetric matrix of zeros and ones has only ones on the main 
diagonal. Prove that we can find some rows in this matrix such that their 


sum is a vector having all of its components odd. 


Iran Olympiad 
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GEOMETRY AND NUMBERS 


Again an apparently paradoxical note!!! Indeed, it may look weird, 
but geometry it really useful in number theory and sometimes it can 
help proving difficult results with some extremely simple arguments. In 
the sequel we are going to show some applications of geometry in num- 
ber theory, almost all of them playing around the celebrated Minkowski 
theorem. We will see that this theorem gives a very simple criterion for 
a nice region (we are also going to explain what we understand by nice) 
to have a non-trivial lattice point and the existence of this point will 
have important consequences in the theory of representation of numbers 
by quadratic forms or in approximation of real numbers with rational 
numbers. As usual, we will content to present only a mere introduc- 
tion to this field, extremely well developed. The reader will surely have 
the pleasure to read some reference books about this fascinating field, 
mentioned in the bibliographies. 

First of all, let us state the conditions in which we will work and 
what is a nice figure. In general, we will work in R” and we will call 
convex body a bounded subset A of R” which is convex (that is for all 


a,b E€ A and all 0 < t < 1 we have ta+(1—t)b € A), which is symmetric 


about the origin (that is, for all z € A we also have —x € A). We will 
admit that convex bodies have volumes (just think about it in the plane 
or space, which will be practically always used in our applications). 

Let us start by proving the celebrated Minkowski’s theorem. 

Theorem. (Minkowski) Suppose that A is a convex body in R” hav- 
ing volume strictly greater than 2”. Then there is a lattice point in A 
different from the origin. 

The proof is surprisingly simple. Indeed, let us start by making a sort 
of partition of R” in cubes of edge 2, having as centers the points that 


have all coordinates even numbers. It is clear that any two such cubes will 


184 


have disjoint interiors and that they cover all space. That is why we can 
say that the volume of the convex body is equal to the sum of volumes of 
the intersections of the body with each cube (since the body is convex, 
it is clear that the sum will be finite). But of course, one can bring any 
cube into the cube centered around the origin by using a translation by 
a vector all of whose coordinates are even. Since translations preserve 
volume, we will have now an agglomeration of bodies in the central cube 
(the one centered in the origin) and the sum of volumes of all these 
bodies is strictly greater that 2”. Necessarily there will be two bodies 
which intersect in a point X. Now, look at the cubes where these two 
bodies where taken from and look at the points in these cubes that give 
by translations the point X. We have found two different points x,y 
in our convex body such that x — y € 2Z”. But since A is centrally 


ies 
Y is a lattice point different 


symmetric and convex, it follows that 
from the origin and belonging to A. The theorem is thus proved. 

Here is a surprising result that follows directly from this theorem. 

Problem 1. Suppose that in each lattice point in space except for 
the origin one draws a ball of radius r > 0 (common for all the balls). 
Then any line that passes through the origin will intercept a certain ball. 

Solution. Let us suppose the contrary and let us consider a very long 
cylinder having as axe the line and basis a circle of radius A We choose 
it sufficiently long to ensure that it will have a volume strictly greater 
than 8. This is clearly a convex body in space and using Minkowski’s 
theorem we deduce the existence of a non-trivial lattice point in this 
cylinder (or on the border). This means that the line will intercept the 
ball centered around this point. 

Actually, the theorem proved before admits a more general formula- 


tion, which is even more useful. 
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Theorem 2. (Minkowski) Let A is a conver body in R” and 


V1, U2,..., Un some linearly independent vectors in R”. Also consider 
n 

the fundamental parallelepiped P = S o] 0< zri< r} and de- 
i=1 


note Vol(P) its volume. Assuming that A has a volume strictly greater 
than 2” - Vol(P), A must contain at least a point of the lattice L = 
Zvi +-+-+ Zun different from the origin. 

With all these terms, it would seem that this is extremely difficult 
to prove. Actually, it follows trivially from the first theorem. Indeed, 
by considering the linear application f sending v; into the vector e; = 
(0,0,...,1,0,...,0) one can easily see that P is sent into the normal” 
cube in R” (that is, the set of vectors all of whose components are 


between 0 and 1) and that f maps L into Z”. Since the transformation 
Vol(A) 

> 2”. It 
Vol(P) 
suffices to apply the first theorem to this convex body and to look at 


is linear, it will send A into a convex body of volume 


the preimage of the lattice point (in Z”), in order to find a non-trivial 
point of AN L. The second theorem is thus proved. 

We have already proved that any prime number of the form 4k + 1 
is the sum of two squares. Let us prove it differently, using Minkowski’s 
theorem. 

Problem 2. Any prime number of the form 4k + 1 is the sum of two 
squares. 

Proof. We have already proved that for any prime number of the 
form 4k + 1, call it p, one can find a such that pla? + 1. Then let us 
consider vı = (p,0), v2 = (a,1). Visibly, they are linearly independent 
and moreover for any point (x,y) in the lattice L = Zvı + Zv we have 
p\x? + y?. Indeed, there are m,n € Z such that x = mp + na, y = n 
and thus x? + y? = n?(a? + 1) = 0 (mod p). Moreover, the area of the 


fundamental parallelogram is ||vı A v2|| = p. Next, consider as convex 
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body the disc centered in the origin and having as radius \/2p. Obviously, 
its area is strictly greater than four times the area of the fundamental 
parallelogram. Thus, there is a point (x, y) different from the origin that 
lies in this disc and also in the lattice L = Zvi + Zvg. For this point we 
have p|x? + y? and z? + y? < 2p, which shows that p = z? + y?. 

Proving that a certain Diophantine equation has no solution is a very 
classical problem, but what can we do when we are asked to prove that 
a certain equation has solutions? Minkowski’s theorem and in general 
geometry of numbers allow quick responses to such problems. Here is an 
example, taken from a polish Olympiad. 

Problem 3. Consider positive integers such that ac = b? +b+1. 
Then the equation ax? — (2b + 1)ay + cy? = 1 has integer solutions. 


Poland Olympiad 


Solution. Here is a very quick approach: consider in R? the set 
of points verifying ax? — (2b + 1)ay + cy? < 2. A simple computation 
shows that it is an elliptical disc having as area a > 4. An elliptical 
disc is obviously a convex body and even more this elliptical disc is 
symmetric about the origin. Thus, by Minkowski’s theorem we can find 
a point of this region different from the origin. Since ac = b? ++ b+ 1, we 
have for all z,y not both 0 the inequality ax? — (2b + 1)ry + cy? > 0. 
Thus for (x,y) € Z? \ {(0,0)} a lattice point of this region, we have 
ax? —(2b+1)ry+cy? = 1 and the existence of a solution of the equation 
is proved. 

The following problem (as the above one) has a quite difficult elemen- 
tary solution. The solution using geometry of numbers is more natural, 
but it is not at all obvious how to proceed. Yet... the experience of the 


preceding problem should ring a bell. 
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Problem 4. Suppose that n is a natural number for which the 
equation z? + zy +y? = n has rational solutions. Then this equation has 


integer solutions as well. 
Komal 


Solution. Of course, the problem reduces to: if there are integer 
numbers a,b,c such that a? + ab + b? = c?n, then z? + xy + y? =n 
has integer solutions. We will assume that a, b,c are non-zero (otherwise 
the conclusion follows trivially). Even more, a classical argument allows 
to assume that a,b are relatively prime. We will try again to find a 
couple of integers (x,y) € Z? \ {(0,0)} such that z? + ry + y? < 2n 
and n divides x? + xy + y?. In this case we will have z? + ry +y? =n 
and the conclusion will follow. First, let us look at the region defined 
by z? + ay +y? < 2n. Again, simple computations show that it is an 
elliptical disc of area al Next, consider the lattice formed by the 
points (x,y) such that n divides ax — by. The area of the fundamental 
parallelepiped is clearly at most n. By Minkowski’s theorem, we can find 
(x,y) € Z? \ {(0,0)} such that x? + xy +y? < 2n and n divides ax — by. 
We claim that this will give an integer solution of the equation. Observe 
that ab(x? + szy +y?) = ryn + (az — by) (bz — ay) and so n also divides 
x* + zy + y? (since n is relatively prime with a,b). This allows us to 
conclude. 

Before continuing with some more difficult problems, let us remind 


that for any symmetric real matrix A such that 


5 QijTitj > 0 
1<, j <n 
for all x = (£1, £2,. .., £n) € R” \ {0} the set of points verifying 


5 QijLitj < 1 


1<t,j <n 
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ol( By) 


has a volume equal to ————,, where 
Vet A 
r (i+ = 


(here r(x) = i į e™*t”— ldt is Euler’s gamma function). The proof of this 
result is non SETET and we invite the reader to read more about it 
in any decent book of multivariate integral calculus. In particular, the 
reader has noticed that these results can be applied to previous problems 
to facilitate the computations of different areas and volumes. With these 
results (that we will admit) in mind, let’s attack some serious problems. 

If we spoke about squares, why not present the beautiful classical 
proof of Lagrange’s theorem on representations using 4 squares. 

Problem 5. (Lagrange’s theorem) Any natural number is a sum of 
4 squares. 

Proof. This is going to be much more complicated, but the idea is 
always the same. The main difficulty is finding the appropriate lattice 
and convex body. First of all, let us prove the result for prime numbers. 


Let thus p > 2 a prime number and consider the sets A = {x?| x € Zp}, 


B = {-y? — 1| y € Zp}. Since there are An squares in Zp (as we 
have already seen in previous notes), these two sets cannot be disjoint. 
In particular, there are x, y such that 0 < x,y < p— 1 and p|£? +y? +1. 
This is the observation that will allow us to find a good lattice. Consider 


now the vectors 
vj = (p, 0,0, 0), v2 = (0, p, 0,0), U3 = (ogy; 1,0), v4 = (y, 230, 1) 


and the lattice L generated by these vectors. A simple computation 
(using the above formulas) allows to prove that the volume of the fun- 
damental parallelepiped is p?. Moreover, one can easily verify that for 


all point (a, y,z,t) € L one has p|x? + y? + 22 + t?. Even more, one can 
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also prove (by employing the non-elementary results stated before this 
problem) that the volume of the convex body A = {x = (a,b,c,d) € 
R4| a? +b? + c? +d? < 2p} is equal to 2r?p? > 16Vol(P), thus AN L is 
not empty. It suffices then to choose a point (x,y, z,t) € LM A and we 
will clearly have x? + y? + 22 + t? = p. Thus the theorem is proved for 
prime numbers. 

Of course, everything would be nice if the product of two sums of 4 
squares is always a sum of 4 squares. Hopefully, it is the case, but the 


proof is not obvious at all. It follows form the miraculous identity: 
(a? + +Ê +P) y H 2? +8’) = (art by +H cz + dt)? 


= (ay — bx + ct — dz)? + (az — bt + dy — cx)? + (at + bz — cy — dx)’. 


Of course, very nice, but how could one think at such an identity? 
The eternal question... Well, this time there is a very nice reason: instead 
of thinking in eight variables, let us reason only with four. Consider the 
numbers z1 = a + bi, z2 = c + di, z3 = x + yi, z4 = z + ti. Introduce the 


matrices 


We have 
det(M) = |z|? + |z|? = a? +8 + ++ d? 
and similarly 
det(N) = 2? +y? 4+ 274+ 27. 
It is then normal to try to express (a? +b? + c? + d?)(a? + y? + 2? +t?) 
as det(M N). But surprise! We have 


2123 — Z2Z4 2124 + 2223 
MN = ( 


— 2124 + Z223 2123 — Z224 
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and so det(M JN) is again a sum of 4 squares. The identity appears thus 
naturally... 

Let us concentrate a little bit more on approximations of real num- 
bers. We have some beautiful results of Minkowski that deserve to be 
presented after this small introduction to geometry of numbers. 

Problem 6. (Minkowski’s linear forms’ theorem) Let A = (aj;) be 
a n x n invertible matrix of real numbers and suppose that c1, c2,..., Cn 


are positive real numbers such that cjcg...c, > | det A|. Then there 


n 
are integers £1, %2,..., Zn, not all 0, such that Se; < ci for all 
j=l 
es eee 


Solution. We need to prove that there exists a non-zero vector 
X that also belongs to the region {Y € R"| |A-!Y|; < ci i = 
1,...,n} (here AY = (|A71Y]1,...,|A7'Y|n). But observe that 
{Y e R" |AtY|; < ci, i = 1,...,n} is exactly the image trough 
A`! of the parallelepiped {Y € R"| — ci < Y; <q, i=1,...,n} which 
has volume 2"c,...¢n, thus {Y € R”| |A7!Y]; < ci, i = 1,...,n} is 
2”c1...Cn > 2”. By Minkowski’s theo- 


a convex body of volume 
det A 
rem, this body will contain a non-zero lattice point, which will verify 
the conditions of the problem. 

And here is a nice consequence of the previous theorem. 

Problem 7. Suppose A = (aij)1<i<m is a matrix with m,n real 

1<j<n 

numbers and a > 1 is a real number. Then one can find £1, £2,..., Ln 
integers between —a and a, not all 0, such that 


n 
SO aie <a for all 1 <i<m. 
j=l 


Solution. All we need to do is to apply the result in problem 6 for 


A I 
the invertible matrix ( i ) whose determinant equals 1 or —1 
I, 0 
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IA 
IA 
z 


% T D; 
and make the choice cy = --- = Cm =@ ™, Cm+i = a, 1 


Incredibly, but the proof ends here!!! 


Proposed problems 
1. Suppose that a,b,c are positive integers such that ac = b? + 1. 
Then there exist x,y, z,t integers such that a = x? + y?, b = 2 + t°, 
c= zxz + yt. 
Imo Shortlist 


2. Suppose that a natural number is the sum of three squares of 
rational numbers. Then prove that it is also a sum of squares of three 


natural numbers (the use of three squares theorem is forbidden!). 
Davenport-Cassels lemma 


3. Consider a disc of radius R. At each lattice point of this disc, 
except for the origin, one plants a circular tree of radius r. Suppose that 
r is optimal with respect to the following property: if one regards from 
the origin, he can see at least a point situated at the exterior of the disc. 
Then prove that , i 
JEF TR 

AMM 
4. Suppose that a,b,c are positive integers such that a > b > c. 


Prove that we can find three integers x, y, z, not all 0, such that 


ax + by + cz = 0 and max{|z], |yl, |z|} < +1. 


2 
—a 
V3 

Miklos Schweitzer competition 
5. Suppose that a,b,c are positive integers such that ac = b? + 1. 
Prove that the equation ax? + 2bry + cy? = 1 is solvable in integers. 


6. Suppose that aij (1 < i,j < n) are rational numbers such that 


for any x = (21,...,2%n) E€ R” \ {0} we have 5 Qij£i£j > 0. Then 
1si,jgn 
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there are integers (not all zero) £1,...,£n such that 
X ea < nVdet A, 
1<i,j<n 
where A = (aij). 
Minkowski 

7. Suppose that 21, £2,..., £n are algebraic integers such that for 
any 1 <i < n there is at least a conjugate of x; which is not between 
X1,22,...,Ln. Then the set of n-tuples (f(x1), f(x2),...,f(%n)) with 
f € Z[X] is dense in R”. 

8. Suppose that a,b are rational numbers such that the equation 
ax? + by? = 1 has at least one rational solution. Then it has infinitely 
many rational solutions. 


Kurschak contest 


9. Let us denote A(C,r) the set of points w on the unit sphere in 
R” with the property that |wk| > TEF for any non-zero vector k € Z” 
(here wk is the usual scalar product and ||k]| is the Euclidean norm of 
the vector k € Z”). Prove that if r >n — 1 there exists C > 0 such that 


A(C,r) is non-empty, but if r < n — 1 there is no such C > 0. 
Mathlinks contest (after an ENS entrance exam problem) 
10. Using the non-elementary results presented in the topic, prove 


that if A = (ajj)1<ij<n is a symmetric integer matrix such that 


`> aij£izj > 0 for all x = (z1, £2,...,£n) € R” \ {0}, then we 
1<i,j<n 
can find an integer matrix B such that A = B - tB. Deduce the result 


from problem 1. 

11. Let n > 5 and a1,...,an,b1,...,bn some integers verifying that 
all pairs (a;,b;) are different and |a;bj41 — ai+ıbi| = 1, 1 < i < n (here 
(an+1,bn+1) = (a1, b1)). Prove that one can find 1 < |i — j| < n— 1 such 
that |ajb; — ajbi] = 1. 
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Korea TST 

12. Let a,b,c,d be positive integers such that there are 2004 pairs 

(x,y) such that x,y € [0,1] and az + by, cx + dy € Z. If (a,c) = 6, find 

(b, d). 

Nikolai Nikolov, Bulgaria Olympiad 

13. A polygon of area greater than n is given in a plane. Prove that 

it contains n + 1 points A;(x;,y;) such that x; — £j, Yi — yj E€ Z for all 
L<ij<ne4l. 


China TST 1988 
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THE SMALLER, THE BETTER 


Often, a large amount of simple ideas can solve very difficult prob- 
lems. We have seen or will see a few such examples in our journey through 
the world of numbers: clever congruences that readily solve Diophantine 
equations, properties of the primes of the form 4k + 3 or even complex 
numbers and analysis. All these can be called ” tricks”, but in fact they 
are much more, as you are going to see soon. 

In this unit, we will discuss a fundamental concept in number theory, 
the order of an element. It may seem contradictory for us to talk about 
simple ideas and then say ”a fundamental concept”. Well, what we are 
going to discuss about is the bridge between simplicity and complexity. 
The reason for which we say it is a simple idea can be easily guessed 
from the definition: given are the positive integer n > 1 and the integer a 
such that gcd(a,n) = 1, the smallest possible integer d for which n|a?—1 
is called the order of a modulo n. The definition is correct, since from 
Euler’s theorem we have n{a®”) —1 so such numbers d indeed exist. The 
complexity of this concept will follow from the examples. 

In what follows we will denote by o,(a) the order of a modulo n. 
There is a simple property of on(a), which has important consequences: 
if k is a positive integer such that nja* — 1, then d|k. Indeed, because 
nja* —1 and nja?—1, we find that n|a9°4* — 1. But from the definition 
of d it follows that d < gcd(k, d), which cannot hold unless d|k. Nice and 
easy. But could such a simple idea be good at anything? The answer 
is positive and will follow from the solutions of the problems to come. 
But, before that, we note a first application of this simple observation: 
On(a)|p(n). This is a consequence of the above property and of Euler’s 
theorem. 

Now, an old and nice problem, which may seem really trivial after 


this introduction. But do not get excited so easily, the problem has an 
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extremely short solution, but this does not mean that it is obvious. 
It appeared in Saint Petersburg Mathematical Olympiad and also in 
Gazeta Matematica. 

Example 1. Prove that n|y(a” — 1) for all positive integers a,n. 

Solution. What is ogn_;(a)? It may seem a silly question, since 
of course Ogn_;(a) = n. Using the observation in the introduction, we 
obtain exactly n|y(a” — 1). 

Here is another beautiful application of the order of an element. It 
is the first case case of Dirichlet’s theorem that we intend to discuss and 
is also a classical property. 

Example 2. Prove that any prime factor of the nth Fermat number 


2P+1. Show that there are infinitely 


2?" + 1 is congruent to 1 modulo 
many prime numbers of the form 2”k + 1 for any fixed n. 

Solution. Let us consider a prime p such that p|2?” + 1. Then 
p|22"*" — 1 and consequently Op(2)|2”*+. This ensures the existence of 
a positive integer k < n + 1 such that op(2) +2”. We will prove that in 
fact k = n+ 1. The proof is easy. Indeed, if this is not the case, then 
0,(2)|2” and so p|2%) —1|2?" —1. But this is impossible, since p|2?” +1. 
Therefore, we have found that op(2) = 2"! and we have to prove that 
0,(2)|p — 1 to finish the first part of the question. But this follows from 
the introduction. 

The second part is a direct consequence of the first. Indeed, it is 
enough to prove that there exists an infinite set of Fermat’s numbers 
(22°F + 1)n,sa any two relatively prime. Then we could take a prime 
factor of each such Fermat’s number and apply the first part to obtain 
that each such prime is of the form 2”k + 1. But not only it is easy to 
find such a sequence of Fermat’s coprime numbers, but in fact any two 
different Fermat’s numbers are relatively prime. Indeed, suppose that 


d|gcd(2?" +1, Pee 1). Then d|22”*" —1 and so dj22""" — 1. Combining 
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this with dj22"*" +1, we obtain a contradiction. Hence both parts of the 
problem are solved. 

We continue with another special case of the well-known difficult 
theorem of Dirichlet on arithmetical sequences. Though classical, the 
following problem is not straightforward and this explains probably its 
presence on a Korean TST in 2003. 

Example 3. For a prime p, let fp(£) = 2?~! +£”? +---+ 241. 

a) If p|m, prove that there exists a prime factor of f,(m) that is 
relatively prime with m(m — 1). 

b) Prove that there are infinitely many numbers n such that pn + 1 
is prime. 

Solution. 

a) is straightforward. In fact, we will prove that any prime factor of 
fp(m) is relatively prime with m(m — 1). Take such a prime divisor q. 
Because q|1+m-+---+m?P!, it is clear that gcd(q,m) = 1. Moreover, if 
gcd(q,m—1) Æ 1, then q|m—1 and because g|1+-m-+---+m?"!, it follows 
that q|p. But p|m and we find that q|m, which is clearly impossible. 

More difficult is b). But we are tempted to use a) and to explore the 
properties of fp(m), just like in the previous problem. So, let us take a 
prime q|fp(m) for a certain positive integer m divisible by p. Then we 
have of course g|m? — 1. But this implies that og(m)|q and consequently 
Og(m) € {1,p}. If og(m) = p, then q = 1 (mod p). Otherwise, g/m — 1 
and because q|fp(m), we deduce that q|p, hence q = p. But we have seen 
while solving a) that this is not possible, so the only choice is p|qg—1. Now, 
we need to find a sequence (mx)x>1 of multiples of p such that fp(mk) 
are pairwise relatively prime. This is not as easy as in the first example. 
Anyway, just by trial and error, it is not difficult to find such a sequence. 
There are many other approaches, but we like the following one: take 


mı = p and Mk = pf (m1) fp(me) ..- fp(mr_—1). Let us prove that f,(mx) 
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is relatively prime to fp(m1), fp(m2),..-, fo(me_1). Fortunately, this is 
easy, since f,(™m1)fp(m2) .-- fo(mn—1)|fp(m«) — fp(0)|fp(me) — 1. The 
solution ends here. 

The following problem became classical and variants of it have been 
given in contests for years. It seems to be a favorite Olympiad problem, 
since it uses elementary facts and the method is more than beautiful. 

Example 4. Find the smallest number n with the property that 
Qe — 1. 

Solution. The problem actually asks for 092005(17). We know 
that 092005 (17) |(220%) = 22004 so og2005(17) = 2*, where k € 
{1,2,...,2004}. The order of an element has done its job. Now, it is 
time to work with exponents. We have 22005) 1.72" — 1. Using the factor- 
ing 


17” -1 =(17-1)(17+ (7 +1)... (1777 +1), 


we proceed by finding the exponent of 2 in each factor of this product. 
But this is not difficult, because for all i > 0 the number 177° +1 is 
a multiple of 2, but not a multiple of 4. Thus, v2(172" —-1)=4+k 
and the order is found by solving the equation k + 4 = 2005. Thus, 
022005 (17) = 279°! is the answer to the problem. 

Another simple, but not straightforward application of the order 
of an element is the following divisibility problem. Here, we also need 
some properties of the prime numbers, that we have already studied in 
a previous unit. 

Example 5. Find all primes p,q such that p? + 1|2003% + 1 and 
q? + 1|2003” + 1. 

Gabriel Dospinescu 

Solution. Let us suppose that p < q. We discuss first the trivial case 


p = 2. In this case, 5|20031 + 1 and it is easy to deduce that q is even, 
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hence q = 2, which is a solution of the problem. Now, suppose that p > 2 
and let r be a prime factor of p? + 1. Because r|200374 — 1, it follows 
that o,(2003)|2g. Suppose that (q,0,(2003)) = 1. Then o0,(2003)|2 and 
r|2003? — 1 = 23-3-7-11-13-167. It seems that this is a dead end, since 
there are too many possible values for r. Another simple observation 
narrows the number of possible cases: because r|p? + 1, must be of the 
form 4k + 1 or equal to 2 and now we do not have many possibilities: 
r € {2,13}. The case r = 13 is also impossible, because 20037 + 1 = 2 
(mod 13) and r|20031 + 1. So, we have found that for any prime factor 
r of p? +1, we have either r = 2 or q|or(2003), which in turn implies 
q|r—1. Because p?+1 is even, but not divisible by 4 and because any odd 
prime factor of it is congruent to 1 modulo q, we must have p? + 1 = 2 
(mod q). This implies that p? + 1 = 2 (mod q), that is q|(p —1)(p + 1). 
Combining this with the assumption that p < q yields q|p + 1 and in 
fact q = p+ 1. It follows that p = 2, contradicting the assumption p > 2. 
Therefore the only pair is (2,2). 

More difficult is the following problem, proposed by Reid Barton 
for the USA TST in 2003. Anyway, using the order of an element, the 
problem is not very difficult and the solution follows naturally. Let us 
see... 


Example 6. Find all ordered triples of primes (p,q,7) such that 
pld +1,q|r? + 1,r|p? +1. 


Reid Barton, TST USA 2003 


Solution. It is quite clear that p,q,r are distinct. Indeed, if for 
example p = q, then the relation p|q" + 1 is impossible. We will prove 
that we cannot have p,q,r > 2. Suppose this is the case. The first 
condition p|q” + 1 implies p|q?” — 1 and so op(q)|2r. If op(q) is odd, it 
follows that p|q” — 1, which combined with p|q"’ + 1 yields p = 2, which 
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is impossible. Thus, 0,(q) is either 2 or 2r. Could we have o,(q) = 2r? 
No, since this would imply that 2r|p— 1 and so 0 = p?4+1 (mod r) = 2 
(mod r), that is r = 2, false. Therefore, the only possibility is op(q) = 2 
and so p|q?—1. We cannot have p|q—1, because p|q’ +1 and p Æ 2. Thus, 


1 1 
p\lq+ 1 and in fact pt. In the same way, we find that ql 
pa 

2 


and 


r| L This is clearly impossible, just by looking at the largest among 
p,q,r. So, our assumption was wrong and indeed one of the three primes 
must equal 2. Suppose without loss of generality that p = 2. Then q is 
odd, q\r?+1 and r|29 +1. Similarly, 0,.(2)|2q. If qlo, (2), then q|r —1 and 
so q|r?+1-— (r? —1) = 2, which contradicts the already established result 
that q is odd. Thus, op(2)|2 and r|3. As a matter of fact, this implies 
that r = 3 and q = 5, yielding the triple (2,5,3). It is immediate to 
verify that this triple satisfies all conditions of the problem. Moreover, 
all solutions are given by cyclic permutations of the components of this 
triple. 

Can you find the smallest prime factor of the number 2 41. Yes, 
with a large amount of work, you will probably find it. But what about 
the number 122” +1? It has more than 30000 digits, so you will probably 
be bored before finding its smallest prime factor. But here is a beautiful 
and short solution, which does not need a single division. 

Example 7. Find the smallest prime factor of the number 122” +1. 

Solution. Let p be this prime number. Because p|12?"° — 1, we find 
that 0,(12)|2'°. Exactly as in the solution of the first example, we find 
that op(12) = 2'© and so 2'©|p — 1. Therefore p > 1+ 2!°. But it is well- 
known that 216 + 1 is a prime (and if you do not believe, you can check; 
it is not that difficult). So, we might try to see if this number divides 
122° +1. Let q = 216 +1. Then 122° +1 = 21.3 F 4123 41 
(mod q). It remains to see whether (=) = —1. But this is done in 


the unit Quadratic reciprocity and the answer is positive, so indeed 
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a ty SO (mod 2) and 216 + 1 is the smallest prime factor of the 
number 122” + 1. 

Ok, you must be already tired of this old fashioned idea that any 
prime factor of 2?” + 1 is congruent to 1 modulo 2”+!. Yet, here is a 
problem that will keep you occupied for a certain period of time, even 
if it uses only this simple idea. 

Example 8. Prove that for any n > 1 the largest prime factor of 
2?" +1 is at least equal to n- 2+? + 1. 


China TST, 2005 


Solution. The reader will not imagine how simple this problem re- 


ally is. If the start is correct... Indeed, let us write 2?” + 1 = pe z3 pë" 


with pı < ...,Pr prime numbers. We know that we can find q; € N 
such that p; = 1 +2”+!q;. Now, reduce the relation 2?” +1 = př! eae 


> 
modulo 2?"*?. It follows that 1 = 1 + 2”+1 `> kiqi (mod 2?”+?) and so 


i=1 
r r 


> kiqi > 2”+!. But then q, `> ki > 2”+1, Now everything becomes sim- 
i=1 i=1 
ple, since we have 22" +1 > (1+2"+1!)'it-+r and so k++ 


This shows that q, < 2(n + 1) and the proof finishes here. 


Qn 


kp < s 
"= n+l 


Problems for training 


1. Let a,n > 2 be positive integers such that n|a”™t — 1 and n does 
not divide any of the numbers a” — 1, where z < n — 1 and zjn — 1. 
Prove that n is a prime number. 

2. Let p be a nonzero polynomial with integral coefficients. Prove 
that there are at most finitely many numbers n for which p(n) and 
2?" +1 are not relatively prime. 

3. Let p > 3 be a prime. Prove that any positive divisor of the 


P4+1 
is of the form 2kp + 1. 


number 
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Fermat 


4. Leta > b > 1 and n > 1 be positive integers. Prove that any 
positive divisor of the number a” — b” is either of the form nk + 1 or 
divides a number of the form af — bf, with d|n, d < n. 

5. Find all positive integers m,n for which n|1 + m?” + m?°3", 

Bulgaria, 1997 

6. Find the smallest repunit divisible by 19. 

Gazeta Matematica 

7. Let p be a prime and q > 5 a prime factor of the number 2? + 3P. 
Prove that q > p. 

Laurentiu Panaitopol, TST Romania 

8. Let m > 1 be an odd number. Find the smallest number n such 
that 21°°9|m”™ — 1. 

IMO 1989 Shortlist 

9. Let 0 < m < n be integers such that 1978” and 1978” have the 


same last three digits. Find the least possible value of m + n. 
IMO 1978 


10. Let p be a prime number and let d a positive divisor of p — 1. 
Prove that there is a positive integer n such that op(n) = d. 
11. Let q = k-2™ +1 be a divisor of the number 2?” + 1, where k 
is odd. Find og(k) in terms of n and v(m) 
J. van de Lune 
12. Let n be a positive integer such that n — 1 = F R, where all the 
prime factors of F are known and gcd(F, R) = 1. Suppose further that 
there is an integer a such that nja”~! — 1 and for all primes p dividing 
n — 1 we have gcd(n, ee 1) = 1. Prove that any prime factor of n is 


congruent to 1 modulo F. 
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Proth, Pocklington, Lehmer Test 


13. Let a > 1 be an integer and let us define op(a) = 0 if pla. Prove 

that the function f : {2,3,5,7,11,...} +N, f(p) = 2 (a) 
p 

Jon Froemke, Jerrold W Grossman, AMM 


14. Let d = op(n) and let k = v,(n? — 1). 

a) If k > 1 then o,;(n) = d for j < k and o,;(n) = pd for all 
jak. 

b) If k = 1 then let | = v,(n?4—1). Prove that op(n) = d, Opi (n) = pd 
for 2 < j < l and o,;(n) = pild, for all 7 > l. 


is unbounded. 


15. Let A be a finite set of prime numbers and let a > 2 be a positive 
integer. Prove that there are only finitely many positive integers n such 


that all prime factors of a” — 1 are in A. 
Iran Olympiad 


16. Prove that for any prime p there is a prime number q that does 


not divide any of the numbers n? — p, with n > 1. 
IMO 2003 


17. Let a > 1 bea positive integer. Prove that for infinitely many n 


the largest prime factor of a” — 1 is greater than n log, n. 


Gabriel Dospinescu 
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DENSITY AND REGULAR DISTRIBUTION 


Everyone knows that ({na})n>1 is dense in [0,1] if a is an irrational 
number, a classical theorem of Kronecker. Various applications of this 
nice result have appeared in different contests and will probably make 
the object of Olympiad problems in the future. Yet, there are some 
examples in which this result is ineffective. A simple one is as follows: 
using Kronecker’s theorem one can easily prove that for any positive 
integer a that is not a power of 10 there exists n such that a” begins with 
2006. The natural question: what fraction of numbers between 1 and n 
have this property (speaking here about large values of n) is much more 
difficult and to answer it we need some stronger tools. This is the reason 
for which we will try to discuss some classical approximation theorems, 
particularly the very efficient Weil criterion and its consequences. The 
proofs are non-trivial and require some heavy-duty analysis. Yet, the 
consequences that will be discussed here are almost elementary. 

Of course, one cannot start a topic about approximation theorems 
without talking first about Kronecker’s theorem. We skip the proof, not 
only because it is very well-known, but because we will prove a much 
stronger result about the sequence ({na})n>1. Instead, we will discuss 
two beautiful problems, consequences of this theorem. 

Example 1. Prove that the sequence ([nV2003])n>1 contains arbi- 


trarily long geometric progressions with arbitrarily large ratio. 
Radu Gologan, IMO TST Romania 


Solution. Let us take p a very large number. We will prove that 
there are arbitrarily long geometric sequences with ratio p. Given 
n > 3, let us prove that we can find a positive integer m such that 
[p*m/2003] = p*[m+/2003] for all 1 < k < n. If the existence of such a 


number is proved, then the conclusion is immediate. But observe that 
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[p*my/2003] = p*[m/2003] is equivalent to [p*{m/2003}] = 0, or to 
{mv/2003} < EA The existence of a positive integer m with the last 
property is ensured by Kronecker’s theorem. 

Here is a problem that is apparently very difficult, but which is again 
a simple consequence of Kronecker’s theorem. 

Example 2. Consider k > 1 and a such that loga is irrational. 
Define the sequence x, as the number formed by the first k digits of 


the number [a”| with n > 1. Prove that this sequence is not eventually 


periodical. 
Gabriel Dospinescu, Mathlinks Contest 


Solution. The solution is based on certain simple, but useful re- 
marks. First of all, the number formed with the first & digits of a num- 
ber m is [10*-!+te8™}]. The proof of this claim is not difficult. Indeed, 
let us write m = 21% ...Zp, with p > k. Then m = Zr... Tk: 10°-* + 
TRI... Xp, hence T1... Tp: 10P7F < m < (a... Tp +1)-10P7*. It follows 


that Ti... Tk = [ | and, since p = 1 + [log m], the claim is proved. 


m 
10?74 
Another remark is the following: there is a positive integer r such 
that zyr > 10*—!. Indeed, assuming the contrary, we find that for all 
r > 0 we have zpr = 10*~!. Using the first observation, it follows that 
k —1+ {logļa"T]} < log(1 + 10*-*) for all r. Thus 
1 
log (1 + m) > logla"T] — [logļa"T]] > log(a’? — 1) — [log a"T] 
aT 
= {rT log a} = log aT] 
It suffices now to consider a sequence of positive integers (rn) such 
1 
that 1— — < {rT log a} (the existence is a simple consequence of Kro- 
n 
necker’s lemma) and we will deduce that: 


1 1 grt 
log | 1 + oa] a + log niai > 1 for all n. 
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The last inequality is clearly impossible. 
Finally, assume the existence of such an r. It follows that for n >r 


we have typ = £rr, thus 


1 
{log[a""]} > log (1 T ao) - 
This shows that 


1 
log (1 + m) < logļa""] — [log[a”"]] < nT log a — [log a”"] 


= {nT loga} for all n > r. 


But this contradicts Kronecker’s theorem. 

Before passing to the quantitative results stated at the beginning 
of this chapter, we must speak about a simple, yet surprising result, 
which turns out to be very useful when dealing with real numbers and 
their properties. Sometimes, it can even help us reducing the problem 
to integers, as we will see in one of the examples. But first, let us state 
and prove this result. 

Example 3. (Dirichlet) Let x1, £2, ..., £y be some real numbers and 
let € > 0. There exists a positive integer n and integers p1, p2,..., pp such 
that |nz; — pi| < £ for all i. 

Solution. Thus we need to prove that if we have a finite set of real 
numbers, we can multiply all its elements by a suitable integer such that 
the elements of the new set are as close to integers as we want. 

Let us choose an integer N > z and partition the interval [0,1) in 


N intervals, 


N s—l s 
OS (ele de = SoH) 
s=1 
Now, choose n = N k 41 and associate to any positive integer 
q € {1,2,...,n} a sequence of k positive integers &1,@2,...,@k, where 
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a; = s if and only if {qx} € Js. We obtain at most N k sequences cor- 
responding to these numbers and so by Dirichlet’s criterion we can find 
1 < u <v < n such that the same sequence is associated to u and v. 


This means that for all 1 < 7 < k we have 
1 
{uzi} — {vzi}| < WV <e. 


It suffices thus to pick n = v — u, pi = [vz;] — [ua]. 

And here is how we can use this result in problems where it is more 
comfortable to work with integers. But don’t kid yourself, there are 
not many such problems. The one we are going to discuss has had a 
circuitous itinerary between world’s Olympiads: proposed for IMO long 
time ago, it appeared next at the W.L. Putnam Competition and later 
on in a Japanese Mathematical Olympiad. 

Example 4. Let £1, £2,...,Z2n+1 be positive real numbers with the 
property: for any 1 < i < 2n +1 one can make two groups of n numbers 
by using zj, 7 # i, such that the sum of the numbers in each group is 
the same. Prove that all numbers are equal. 

Solution. Of course, the problem for integers is very well-known and 
easy: it suffices to observe that in this case all numbers x; have the same 
parity and the use of infinite descent solves the problem (either they are 
all even and in this case we divide each one by two and obtain a new 
set with smaller sum and the same properties; otherwise, we subtract 1 
from each one and then divide by 2). 

Now, assume that they are real numbers, which is clearly much more 
subtle. First of all, if they are all rational, it suffices to multiply by their 
common denominator and apply the first case. Thus assume that at least 
one of the numbers is irrational. Consider ¢ > 0, a positive integer n, 
and some integers p1, p2,..., pp such that |nzi — pi| < £ for all i. We 


claim that if € > 0 is small enough, the corresponding pj, p2,..., pg have 
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the same property as £1, %2,...,£2n+1. Indeed, take some i and write 
the partition condition in the form 

`> Gi Ee = 0 or 5 aij(nzj — pj) == 5 dnp) 

Hi jži jži 


(where of course aj; € {—1,1}). Then 


S MP; = bD Gas NZ — pj)| < 2ne. 
j#t j#i 


; 1 
Thus if we choose £ < Fa then > tupi = 0 and so pj, po,.--, Pk 


have the same property. Since they Fd all integers, they must be equal 
(again, because of the first case). Thus we have proved that for any 
N > 2n there are integers ny, py such that |nyzi — pn| < N 

Because at least one of the numbers 21, £2, ..., £2n+1 is irrational, it 

is not difficult to prove that the sequence (ny)N>2n is unbounded. But 
2 F 
N? |nn| max a — xj|, hence max;,; |x; — xj| = 0 and the problem is 
solved. 

Now, let us turn to more quantitative results about the set of frac- 
tional parts of natural multiples of different real numbers. The following 
criterion, due to Weil, is famous and deserves to be discussed because of 
its beauty and apparent simplicity. 

Weil criterion. Let (an)n>1 be a sequence of real numbers from the 
interval [0,1]. Then the following statements are equivalent: 

a) For any real numbers 0 <a<b<1, 

lim Hil 1<i<n, a € [a,d]}| 


n= n 


=b-— q; 


b) For any continuous function f : [0,1] > R, 
1X : 
Jim => fla) =) f(x)da; 
k=1 7 
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c) For any positive integer p > 1, 


lim — 2 eX PA — 0), 
noo n 


In this case we will say that the sequence is equidistributed. 

We will present just a sketch of the solution, containing yet all the 
necessary ingredients. 

First of all, we observe that a) says precisely that b) is true for 
the characteristic function of any sub-interval of [0,1]. By linearity, this 
remains true for any piecewise function. Now, there is a well-known and 
easy to verify property of continuous functions: they can be uniformly 
approximated with piecewise functions. That is, given € > 0, we can find 
a piecewise function g such that |g(x) — f(x)| < € for all x € [0,1]. But 


then if we write 


P2 ap) - f roa 


< Dine) - salt f Lila) -salde 


+ 


dee 1l 
— (ak) — (x)da 
2. k fo 


and apply the result in b) for the function g, we easily deduce that b) 


is true for any continuous function. 

The fact that b) implies c) is immediate. More subtle is that b) 
implies a). Let us consider the subinterval I = [a,b] with O0 <a<b<1. 
Next, consider two sequences of continuous functions fk, gk such that fk 
is zero on [0,a], [b, 1] and 1 on |e + 4 b— > (being affine otherwise), 


while gą has ”the same” properties but is greater than or equal to A; 


(the characteristic function of I = [a, b]). Therefore 


EAs SU | Sian, Qi E la, b] }| < 1Y gla). 
j=1 
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But from the hypothesis, 
ic l 1 
-X fe(ay) = | fr(x)dz =b-—a-—— 
n al 0 k 


and 
Te 1 1 
= X grlaj) > I gk(x)dx =b-—-a+-+. 
n j= 0 k 


Now, let us take £ > 0 and k sufficiently large. The above inequalities 
show that actually for all sufficiently large positive integer n 


ti] 1<isn, a € {a,b} 
n 


b+a| < 2e 


and the conclusion follows. The reader has already seen how to adapt 
this proof for the case a = 0 or b = 1. 

Finally, let us prove that c) implies b). Of course, a linearity argu- 
ment allows us to assume that b) is true for any trigonometric poly- 
nomials of any degree. Because any continuous function f : [0,1] — R 
satisfying f(0) = f(1) can be uniformly approximated by trigonometric 
polynomials (this is a really non-trivial result due to Weierstrass), we 
deduce that b) is true for continuous functions f for which f (0) = f(1). 
Now, given f : [0,1] — R continuous, it is immediate that for any € > 0 
we can find two continuous functions g, h, both having equal values at 


0 and 1 and such that 
1 
Pome E | E 
0 


Using the same arguments as those used to prove that b) implies a), 
one can easily see that b) is true for any continuous function. 

The first problem that we discuss is in fact the most common result 
about equidistribution. We invite the reader to find an elementary proof 
in order to appreciate the power of Weil’s criterion. Before presenting the 


second problem, we need another definition: we say that the sequence 
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(an)n>1 is uniformly distributed mod 1 if the sequence of fractional parts 
of an is equidistributed. So, here is the classical example. 

Example 5. Let a be an irrational number. Then the sequence 
(na@)n>1 is uniformly distributed mod 1. 

Solution. Well, after so much work, we deserve a reward: this is a 
simple consequence of Weil’s criterion. Indeed, it suffices to prove that 


c) is verified, which reduces to proving that 


n 


; 1 2inpka __ 
Jim, = 2 e =0 (*) 


for all integers p > 1. But this is just a geometric series!!! A one-line 
computation shows that (x) is trivially satisfied and thus we have the 
desired result. 

It’s probably time to solve the problem presented in the very begin- 
ning of this note: how to compute the density of those numbers n for 
which 2” begins with 2006 (for example). Well, again a reward: this is 
going to be equally easy (of course, the reader needs some rest before 
looking at some deeper results... ). 

Example 6. What is the density of the set of positive integers n for 
which 2” begins with 2006? 

Solution. Indeed, 2” begins with 2006 if and only if there is a 
p > 1 and some digits a1,a2,...,@p E {0,1,...,9} such that 2” — 
2006a1a2...@p, which is clearly equivalent to the existence of p > 1 
such that 

2007-10? > 2” > 2006 - 10”. 


This can be rewritten in the form 


log 2007 + p > nlog 2 > log 2006 + p 


2007 2006 
This impli log 2] = h l ' 
is implies [n log 2] = p + 3 hence log 1000 1000 


Thus the density of the desired set is exactly the density of the set of 


> {nlog 2} > log 
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positive integers n satisfying 


2007 2006 
SS E Seige a 
8 T000 7 (res 2h > los Toog 


2007 
From example 5, the last set has density log and so this is the 


2006 
answer to our problem. 

We have seen a beautiful proof of the fact that if a is irrational, then 
(na)n>1 is uniformly distributed mod 1. Actually, much more is true, 
but this much more is also much more difficult to prove. The next two 
examples are two important theorems. The first is due to Van der Corput 
and shows how a brilliant combination of algebraic manipulations and 
Weil’s criterion can yield difficult and nice results. 

Example 7. (Van der Corput) Let (£n) be a sequence of real num- 
bers such that the sequences (£n+p — £n)n>1 are equidistributed for all 
p > 1. Then the sequence (£n) is also equidistributed. 

This is not an Olympiad problem!!! But mathematics is not just 
Olympiad and from time to time (in fact, from a certain time on) one 
should try to discover what is behind such great results. This is the 
reason for which we present a proof of this theorem, a difficult proof 
that uses the ” well-known” but not easy to remember inequality of Van 
der Corput. 

Lemma. (Van der Corput) For any complex numbers 21, 22,..., Zn 
and any h € {1,2,...,n}, the following inequality is true (with the con- 
vention that zi = 0 for any integer i not in {1,2,...,n}): 

2 
h2 


p—1 n=r n 
Saiki) f XO (h - r)Re 63 a) +h>o a l 


r=1 i=1 i=1 


Unbelievable, but true! Not to mention that the proof of this in- 
equality is anything but easy. We will limit to give the main idea of the 
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proof, the computations being very technical. The idea behind this fun- 
damental inequality is another fundamental one. You would have never 


guessed: the Cauchy Schwarz inequality!!! The simple observation that 


n+h—1 h—1 


n 
h J m J J Zi—j 
i=1 i=1 j=0 


allows us to write (via Cauchy Schwarz’s inequality): 


n 2 n+h—1 |h—1 
[Soa] sard Ss Ea 
i=1 i=1 |7=0 


And next ? Well... this is where the readers will get some satisfac- 
2 


n+p—1 |p—1 
tion... if they have the patience to expand 5 b9 z—j| and see that 
i=1 |j=0 


it is nothing else than 


pl n-=r n 
2X (p—r)Re (Sz) +p>_ ail. 


r=1 i=1 i=1 
Wishing them good luck with the computations, we will now prove 
Van der Corput’s theorem, by using this lemma and Weil’s criterion. 
Of course, the idea is to prove that 
TiS 
lim — Ss e7™Ptk — 0 for all p > 1. 


n=>œ n 
k=ł 


Fix such a p > 1 and take for the moment a positive real number h and 
e € (0,1) (h may depend on €). Also, denote z; = e?”7P®i. Using the 


lemma, we have: 
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Now, let us regard 


n—i n—i n—i 
Re ; Zj ¿ ZAG = Re X crit P(x; —Xi+;) < y e2iTP(2j—@i+5) : 
j=l j=l j=l 


Using Weil’s criterion for the sequences (a+; — £n) for i = 


1,2,...,h — 1 we deduce that for all sufficiently large n we have 


5y e?iTPlEj=titi)| < en. 
j=1 
Therefore 
2 
n h—1 
1 1 n+h-1 
=> 5 < za 72 hn + don Yh) 
gel. i=1 
nth 1 2(1 +€) 
14 
. nh ( ) h 
2(1 
for all sufficiently large n. Now, by choosing h > di we deduce 


that for all sufficiently large n we have 


1 n 
DD <e. 
j=l 


This shows that Weil’s criterion is verified and thus (zn) is equidis- 
tributed. 

This was surely the most difficult result of this unit, but why not 
taking one more step once we are already here? Let us prove the following 
weaker (but as the reader will probably agree, absolutely nontrivial) 
version of famous theorem of Weil. It is related to the equidistribution 
of the sequence ({ f(7)})n>1 where is a real polynomial having at least 
one irrational coefficient except for the free term. We will not prove this 


here, but focus on the following result. 
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Example 8. (Weil) Let f be a polynomial with real coefficients and 
irrational leading coefficient. Then the sequence ({f(n)})n>1 is equidis- 
tributed. 

The reader has probably noticed that this is an immediate conse- 
quence of Van der Corput’s theorem (but just imagine the amount of 
work done to arrive at this conclusion!!!). Indeed, the proof by induction 
is immediate. 

Indeed, if f has degree 1, then the conclusion is immediate (see 
example 5). Now, if the result holds for polynomials of degree at most k, 
it suffices (by Van der Corput’s theorem) to prove that for all positive 
integers p, the sequence (f(n + p) — (f(n)) is equidistributed. But this 
is exactly the induction hypothesis applied to the polynomial (whose 
leading coefficient is clearly irrational) f(X + p) — f(X). The proof by 


induction finishes here. 


Problems for training 


1. Compute sup | min |p — qv3| 
n>1 \ p.aeN 
= \pt+q=n 


Putnam Competition 


2. Prove that by using different terms of the sequence [n?/2006] one 
can construct geometric sequences of any length. 

3. Let x be an irrational number and let f(t) = min({t}, {1 — t}). 
Prove that given any £ > 0 one can find a positive integer n such that 
f(n?x) <e. 

Tran 2004 


4. Prove that the sequence consisting of the first digit of 2” + 3” is 


not periodical. 


Tuymaada Olympiad 
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5. Suppose that A = {n1,n2,... } is a set of positive integers such 
that the sequence (cos nz )x>1 is convergent. Then prove that A has zero 


density. 
Marian Tetiva 


6. Suppose that f is a real, continuous, and periodical function such 


“| f(k 
that the sequence 5 d is bounded. Prove that f(k) = 0 for 


k=1 n>1 
all positive integers k. Give a necessary and sufficient condition ensuring 


F(A) | 


n 
the existence of a constant c > 0 such that ys Sm >clnn for all n. 
k=1 


Gabriel Dospinescu 
7. Does the sequence sin(n?) + sin(n?) converge? 
Gabriel Dospinescu 


8. Let f be a polynomial with integral coefficients and let a be an 
irrational number. Can all numbers f(k), k = 1,2,... be in the set 
A = {[na]| n > 1}? Is it true that any set of positive integers with 
positive density contains an infinite arithmetical sequence? 

9. Let a,b be positive real numbers such that {na} + {nb} < 1 for 
all n. Then at least one of them is an integer. 

10. Prove that for every k one can find distinct positive inte- 
gers n1, n2,..., Nk such that [nı v2], [noV2],..., [ng v2] and [n1 v3], 
[noV3],..., [ny v3] are both geometrical sequences. 


After a romanian IMO TST problem 


11. A flea moves in the positive direction of an axis, starting from 
the origin. It can only jump over distances equal to V2 and 2005. 
Prove that there exists ng such that the flea will be able to arrive in any 


interval [n,n + 1] for all n > no. 


Romanian Contest, 2005 
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12. Let a,b,c be positive real numbers. Prove that the sets 
A= {[na]| n > 1}, B= {[nb]| n > 1}, C = {[ne]] n > 1} 
cannot form a partition of the set of positive integers. 


Putnam 


13. Let 21, 22,...,2n be arbitrary complex numbers. Prove that for 


any € > 0 there are infinitely many positive integers n such that 


E+ tz +28 +--+ + 2k| < max{|z1], |ze|,..-, Zal} 
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THE SUM OF DIGITS OF A POSITIVE INTEGER 


Problems about the sum of digits of a positive integer often occur in 
mathematical contests because of their difficulty and the lack of stan- 
dard ways to tackle the problem. This is why a synthesis of the most 
frequent techniques that occur in such cases would be useful. We have 
selected several representative problems to show how the main results 
and techniques work and why they are so important. 

We will work only in base 10 and we will denote the decimal sum of 
digits of the positive integer x by s(x). The following ” formula” can be 
checked easily: 


s(n) =n-9>> |] (1) 


k>1 


From (1) we can easily deduce some well-known results about s(n) such 
as s(n) = n(mod9) and s(m+n) < s(m)+ s(n). Unfortunately, (1) is a 
clumsy formula, which can hardly be used in applications. On the other 
hand, there are several more or less known results about sum of digits, 
results which may offer simple ways to tackle hard problems. This is 
what we will discuss about in the following. 

The easiest of these techniques is, probably, just the careful anal- 
ysis of the structure of the numbers and their digits. This can work 
surprisingly well, as we will see in the following examples. 

1. Prove that among any 79 consecutive numbers, one can choose at 


least one whose sum of digits is a multiple of 13. 
Baltic, 1997 


Solution. Note that among the first 40 numbers, there are exactly 
4 multiples of 10. Also, it is clear that the last but one digit of one of 
them is at least 6. Let x be this number. Obviously, x, x+1,..., +39 are 


among our numbers, so s(x), s(x) + 1,...,s(x) +12 occur as sum of digits 
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in some of our numbers. Obviously, one of these numbers is a multiple 
of 13 and we are done. 

We will continue with two harder problems, which still do not require 
any special result or technique. 

2. Find the greatest N such that one can find N consecutive numbers 
with the property that the sum of digits of the k-th number is divisible 
by k, for k = 1,2,..., N. 


Tournament of Towns, 2000 


Solution. The answer here is not trivial at all, namely 21. The 
main idea is that among s(n + 2), s(n +12) and s(n + 22) there are two 
consecutive numbers, which is impossible since they should all be even. 
In truth, we make transports at a+ 10 only when the last but one digit 
of a is 9, but this situation can occur at most once in our case. So, for 
N > 21, we have no solution. For N = 21, we can choose N+1, N +2,..., 
N +21, where N = 291-10!!! — 12. For i = 1 we have nothing to prove. 
For 2 < i < 11, s(N +12) =24+9+0+4+9(11! —1)+i—2=1+11! while 
for 12 < i < 21, s(N +i) =24+9+1+4 (i— 12) = i, so our numbers have 


the desired property. 
3. How many positive integers n < 107° can be written as the sum 


of 2 positive integers with the same sum of digits? 
Adrian Zahariuc 


Solution. Answer: 1079 — 9023. At first glance, it might seem al- 
most impossible to find the exact number of positive integers with this 
property. In fact, the following is true: a positive integer cannot be writ- 
ten as the sum of two numbers with the same sum of digits iff all of its 
digits (eventually) excepting the first are 9 and the sum of its digits is 
odd. 
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Let n be such a number. Suppose there are a,b € Z* such that 
n =a+b and s(a) = s(b). The main fact is that when we add a+b = n, 
there are no transports. This is clear enough. It follows that s(n) = 
s(a) + s(b) = 2s(a), which is impossible since s(n) is odd. 

Now we will prove that any number n which is not one of the numbers 
stated above, can be written as the sum of 2 positive integers with the 
same sum of digits. We will start with the following: 

Lemma. There is a <n such that s(a) = s(n — a)(mod2). 

Proof. If the s(n) is even, take a = 0. If s(n) is odd, then n must 
have a digit which is not the first and is not equal to 9, otherwise it 
would have one of the forbidden forms. Let c be the value of this digit 
and p its position (from right to left). Then let us chose a = 10?~!(c+1). 


At the adding a + (n — a) = n there is exactly one transport, so 
s(a) + s(n — a) = 9 + s(n) = 0(mod2) => s(a) = s(n — a)(mod2) 


which proves our claim. 

Back to the original problem. All we have to do now is take one-by- 
one a” unity” from a number and give it to the other until the 2 numbers 
have the same sum of digits. This will happen since they have the same 


parity. So, let us do this rigorously. Let 


a = G1Q2..aK%,n — a = b1b2...bk 
The lemma shows that the number of elements of the set I = {i € 
{1,2,...,k} : 2 does not divide a; + b;} is even, so it can be divided into 2 
sets with the same number of elements, say Jı and Jo. For i = 1,2,...,k 
define A; = (a; +0;)/2 if i € I, (a; +b; +1)/2 if i € G or (aj +b; — 1)/2 
if i € Ig and B; = a; + b; — Aj. It is clear that the numbers 


A= A, Apo... Ap, B= Bı Bə...Bk 
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have the property that s(A) = s(B) and A+ B = n. The proof is 
complete. 

We have previously seen that s(n) = n(mod9Q). This is probably the 
most famous property of the function s and it has a series of remarkable 
applications. Sometimes it is combined with some simple inequalities 
such as s(n) < 9(|lgn| + 1). Some immediate applications are the fol- 
lowing: 


4. Find all n for which one can find a and b such that 
s(a) = s(b) = sla +b) =n. 


Vasile Zidaru and Mircea Lascu, JBMO TST, 2002 


Solution. We have a = b = a +b = n(mod9), so 9 divides n. If 


n = 9k, we can take a = b = 10% — 1 and we are done since s(10* — 1) = 
s(2 - 10% — 2) = 9k. 
5. Find all the possible values of the sum of digits of a perfect square. 


Iberoamerican, 1995 


Solution. What does sum of digits has to do with perfect squares? 
Apparently, nothing, but perfect squares do have something to do with 
remainders mod 9! In fact, it is very easy to prove that the only possible 
values of a perfect square mod 9 are 0, 1, 4 and 7. So, we deduce that 
the sum of digits of a perfect square must be congruent to 0, 1, 4 or 7 
mod 9. To prove that all such numbers work, we will use a small and 
very common (but worth to remember!) trick: use numbers that consist 


almost only of 9-s. We have the following identities: 


99...99? = 99...99 8 00...00 1 > s(99...997) = 9n 
— — _” ——" 


n n-1 n-1 n 


99...99 1? = 99...99 82 00...0081 => s(99..9917) = 9n + 1 
——” ——_"”" —— 


n-1 n—2 n—2 n-1 
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99...99 2? = 99...99 84 00...00 64 = s(99..9927) = 9n +4 
—— —— 


SS 

n-1 n—2 n—2 n-1 
99...99 4? = 99...99 88 00...00 36 > s(99..9947) = 9n +7 
ar ae "sae prone 

n— n— n— n= 


and since s(0) = 0, s(1) = 1, s(4) = 4 and s(25) = 7 the proof is 
complete. 
6. Compute s(s(s(44444444))). 
IMO 1975 
Solution. Using the inequality s(n) < 9(|lg n| +1) several times we 


have 
5(4444™"*) < 9(|1g 44444444] + 1) < 9- 20,000 = 180, 000; 
s(s(4444**"")) < 9(|lg s(4444**44)] + 1) < 9(1g 180, 000 + 1) < 36, 
so s(s(s(44444444))) < 12. On the other hand, s(s(s(n))) = s(s(n)) = 
s(n) = n(mod9) and since 


731481 


44444444 = 74444 _ 7 = 7(mod9), 


the only possible answer is 7. 

Finally, we present a beautiful problem which appeared in the Rus- 
sian Olympiad and, later, in Kvant. 

7. Prove that for any N there is n > N such that s(3”) > s(3"*1). 

Solution. Suppose by way of contradiction that there is one N such 
that s(3"t!) — s(3") > 0,Vn > N. But, for n > 2, s(3"+!) — s(3") = 
0(mod9), so s(3"+') — s(3”) > 9,Yn > N. It follows that 

3 Cm > 3") > 9(n — N) > s(3"™!) > 9(n — N), n> N+1. 

k=N+1 

But s(3°*) < 9(|lg3"t"| + 1), so 9n — 9N < 9 +9(n + 1)lg3, for all 
n > N + 1. This is obviously a contradiction. 

If so far we have studied some remarkable properties of the function 


s, which were quite well-known, it is time to present some problems and 
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results which are less familiar, but interesting and hard. The first result 
is the following: 

Statement. If 1 < x < 10”, then s(x(10” — 1)) = 9n. 

Proof. The idea is very simple. All we have to do is write x = 


a1@2...a; with a; # 0 (we can ignore the final 0-s of x) and note that 


x(10” = 1) = a1 a2...a;-1 (aj = 1) 99...99(9 = aı)...(9 = aj)(10 = aj), 
n-j 
which obviously has the sum of digits equal to 9n. 
The previous result is by no means hard, but we will see that it can 
be the key in many situations. A first application is: 


8. Compute s(9 - 99 - 999 - ... - 99...99). 
Qn 
USAMO, 1992 
Solution. The problem in trivial if we know the previous result. We 


have 


N =9-99-999-...-99...99 < 10!+2+ +2" < 102" —1 


gn-1 


so 5(99...99 N) = 92", 

However there are very hard applications of this apparently unim- 
portant result, such as the following problem. 

9. Prove that for any n there is a positive integer n which is divisible 


by its sum of digits. 
IMO Shortlist, 1998 


Solution. Only to assure our readers that this problem did not ap- 
pear on the ISL out of nowhere, such numbers are called Niven numbers 
and they are an important research source in number theory. Now, let’s 


solve it. We will see that constructing such a number is hard. First, we 
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will get rid of the case n = 3", when we can take the number 11...11 (it 
SS 


n 


can be easily proved by induction that 3k+21193" —1). 

Due to the trick that we should search numbers with many equal 
digits and the last result, we decide that the required number p should 
be ga...aqb - (10¢ — 1), with Ga...ayb < 10t — 1. This number will have 


S S 
s+t+ 1 digits and its sum of digits will be 9t. Therefore, we will require 
s+t = n-— 1 and 9¢\aa...aqb- (10t — 1). We now use the fact that 
SLS 


S 
for t a power of 3, 9t|10t — 1. So, let us take t = 3* where k is chosen 
such that 3¥ < n < 3*+!. If we also take in account the condition 


< TAa 2 = 3k _ ak 
aa...aab < 10° — 1, the choice p = 11...112(10 1) when n < 2-3 
8 n—3k—1 
and p = 22.. ,22(1023" — 1) otherwise becomes natural. 
ay 


2.3% 
We continue our investigations in finding suitable techniques for 


problems involving sum of digits with a very beautiful result. The follow- 
ing result turned out to have several consequences, most of them being 
very hard. 

Statement. Any multiple of ut has sum of digits at least k. 


k 
Proof. We will use the extremal principle. Suppose by way of con- 
tradiction that the statement is false and take M to be the smallest mul- 


tiple of a such that s(M) < k, where a = 11...11. Note that s(ia) = ik 
Á 


for i = 1,2,...,9. So M > 10a > 10%. Therefore, M = @1@3..-Gp, with 
p> k+1 and ap £0. Take the number N = M — 10?-a. Obviously, N 
is a multiple of a. We will try to prove that s(N) < k. In this way, we 
would contradict the minimality of M and the proof would be complete. 
But this is not hard at all since if ak}ı < 9, we have s(N) = s(M) < k 
and if ak}ı = 9, we have s(N) < s(M) < k. 
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We will show 3 applications of this fact, which might seem simple, 
but which might be unsolvable without it. 
10. Prove that for every k, we have 


|l 
lim Eae = 


no ]nf Inn 
Gabriel Dospinescu 


Solution. Due to the simple fact that 10s") — 1 <n => ios”! — 
1|n!, we have that s(n!) > |lgn], from which our conclusion follows 
easily. 

11. Let S be the set of positive integers whose decimal representation 
contains only of at most 1988 1-s and the rest 0-s. Prove that there is a 


positive integer which does not divide any member of S. 
Tournament of Towns, 1988 


Solution. Again, the solution follows directly from our result. We 


0/989 _ 1, whose multiples have sum of digits 


can choose the number 1 
greater than 1988. 

12. Prove that for any k > 0, there is an infinite arithmetical se- 
quence having the ratio relatively prime to 10, such that all its members 


have the sum of digits greater than k. 
IMO Shortlist, 1999 


Solution. Let us remind that this is the last problem of ISL 1999, 
so the hardest. The official solution is indeed one for such a problem. 
But, due to our ”’theorem” we can chose the sequence a, = n(10” — 1), 
where m > k and we are done. 

Now, as a final proof of the utility of these two results, we will present 
a hard, but beautiful, problem from the USAMO. 

13. Let n be a fixed positive integer. Denote by f(n) the smallest k 
for which one can find a set X C Z* of cardinality n with the property 


225 


that 


(Xe) =a 


for all nonempty subsets Y of X. Prove that Cilgn < f(n) < Colgn 


for some constants C1 and C9. 
Gabriel Dospinescu and Titu Andreescu, USAMO 2005 


Solution. We will prove that 


llg(n +1)J < f(n) < 91g ae + 1 | 


2 
which is enough to establish our claim. Let l be the smallest integer such 
that 


of -1 > Me) 


Consider the set X = {j(10!—1) : 1 < j < n}. By the previous inequality 


and our first statement, it follows that 


5 (Z) =91 


for all nonempty subsets Y of X, so f(n) < 9l and the RHS is proved. 
Let m be the largest integer such that n > 10” — 1. We will use the 
following well-known 

Lemma. Any set M = {a1, d2,...,dm} has a nonempty subset whose 
sum of elements is divisible by m. 

Proof. Consider the sums a1, a1 + ag,..., d) + a2 + ... + am. If one of 
then is a multiple of m, them we are done. Otherwise, there are 2 of them 
congruent mod m, say the i-th and the j-th. Then, mlaj41+ai2+...+4; 
so we are done. 

From the lemma, it follows that any set X with n elements has a 


subset, say Y, whose sum of elements is divisible by 10 — 1. By our 
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second statement, it follows that 


(E+) >m= f(n) =m, 


xEY 
and the proof is complete. 
The last solved problem is one we consider to be very hard, and 
which uses different techniques than the ones we have mentioned so far. 
14. Let a,b € Z* such that s(an) = s(bn) for all n € Z*. Prove that 
lga—lgbeEeZ. 
Adrian Zahariuc and Gabriel Dospinescu 


Solution. We start with an observation. If (max{a, b}, 10) = 1, then 
the problem becomes trivial. Suppose a = max{a,b}. Then, by Euler’s 
theorem, a\10°( — 1, so there is an n such that an = 10° — 1 and 
since numbers consisting only of 9-s have the sum of digits greater than 
all previous numbers, it follows that an = bn, so a = b. 

Let us solve now the harder problem. For any k > 1, there is a nz 
such that 10% < ang < 10" +a -— 1. It follows that s(anx) is bounded, so 
s(bnz) is bounded as well. On the other hand, 


b b 
10%- < bng < 10%- + b, 
a a 


so, for sufficiently large p, the first (nonzero) digits of b/a are exactly 
the same as the first p digits of bn; for large enough k. This means the 
the sum of the first p digits of b/a is bounded, which could only happen 
when this fraction has finitely many decimals. Analogously, we can prove 
the same result about a/b. 

Let a = 2°5¥m and b = 275¢m’, where (m, 10) = (m’,10)=1. It fol- 
lows that m|m’ and m'|m, so m = m’. Now, we can write the hypothesis 


as 
so mn 5Y) = s(2°5”mn27 57) = s(mn), Yc > max{x, y} 
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Now, if p= mar{z+c—2,u+c—y}—min{z+c—2,u+c— y}, we get 
that there is a k € {2,5} such that s(mn) = s(mk?Pn) for all n € Zt. It 
follows that 


s(m) = s(k?m) = s(k??m) = s(k°?m) = ... 


Let t = a?, so lgt € R— Q unless p = 0. Now, we will use the following: 

Lemma. Iflgt E€ R—Q, then for any sequence of digits, there is a 
n€Z*, such that t”m starts with the selected sequence of digits. 

Proof. If we will prove that {{lgt"m} : n € Zt} is dense in (0,1), 
then we are done. But lg t”m = nlgt +m and by Kronecker’s theorem 
{{nlgt}:n € Z+} is dense in (0,1), so the proof is complete. 

The lemma implies the very important result that s(t”m) is un- 
bounded for p # 0, which is a contradiction. So p = 0 and hence 
z+e-x=u+c—y,soa=10* *b and the proof is complete. 

This problem can be nicely extended to any base. The proof of the 
general case is quite similar, although there are some very important 


differences. 


The upmetioned methods are just a point to start from in solving 
such problems since the variety of problems involving sum of digits is 
very large. The techniques are useful only when they are applied cre- 


atively. Finally, we invite our readers to solve this proposed problems: 


Proposed Problems 


1. Prove that among any 39 there is one whose sum of digits is 


divisible by 11. 
USSR, 1961 


2. Prove that among any 18 consecutive 2-digit numbers there is at 


least one Niven number. 
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Tournament of Towns, Training, 1997 
3. Are there positive integers n such that s(n) = 1,000 and s(n?) = 

1, 000, 000? 
USSR, 1985 


4. Prove that for any positive integer n there are infinitely many 


numbers m which do not contain any zero, such that s(n) = s(mn). 
USSR, 1970 
5. Find all x such that s(x) = s(2x) = s(37) =... = s(x”). 
Kurschak, 1989 


6. Are there arbitrarily long arithmetical sequences whose terms 


have the same sum of digits? What about infinite aritmetical sequences? 


2k kK 
7. Prove that 
lim s(2”) = oo. 
n—- Co 
2k kK 
8. Are there p € Z[X] such that 
lim s(p(n)) = œ? 
no 
2k kK 


9. Prove that there are arbitrarily long sequences of consecutive 
numbers which do not contain any Niven number. 


KKK 


10. We start with a perfect number, different form 6 (which is equal 
to the sum of its divisors, except itself), and calculate its sum of digits. 
Then, we calculate the sum of digits of the new number and so on. Prove 
that we will eventually get 1. 


KKK 
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11. Prove that there are infinitely many x € Z* such that 
s(x) + s(x*) = s(x). 


Gabriel Dospinescu 


12. a, b, c and d are primes such that 2 < a < c and a Æ b. We now 
that there is one M € Z such that the numbers an + b and cn + d have 
the same sum of digits for any n > M and base between 2 and a — 1. 


Prove that a = c and b = d. 
Gabriel Dospinescu 


13. Let (an)n>ı be a sequence such that s(an) > n. Prove that for 


any n, we have 
1 1 1 
— + — +... + — <3.2 
ay ag An 
Can we replace 3.2 by 3? 
Laurentiu Panaitopol 


14. Prove that one can find ny < ng < ... < nso such that 
nı + s(n1) = no + s(n2) = ... = nso + (N50) 


Poland, 1999 


15. Study whether we can choose the numbers in the previous prob- 


lem such that ng — N1 = NZ — N2 =... = N50 — N49. 
Gabriel Dospinescu 


16. Define f(n) = n + s(n). A number m is called special if there 
is a k such that f(k) = m. Prove that there are infinitely many special 
numbers 10” + b iff b — 1 is special. 


Christopher D. Long 
17. Find a Niven number with 100 digits. 
Sankt Petersburg, 1990 
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18. Let S be a set such that for any a € R—Q, there is a number n € 

Z* such that |a"| € S. Prove that S contains numbers with arbitrarily 
large sum of digits. 

Gabriel Dospinescu 


19. Let a be a positive integer such that s(a” + n) = 1 + s(n) for 


any n > M, where M is given. Prove that a is a power of 10. 
Gabriel Dospinescu 


20. Let k € Z+. Prove that there is a positive integer m such that 


the equation n + s(n) = m has exactly k solutions. 
Mihai Manea, Romanian IMO TST, 2003 


21. Are there 19 positive integers with the same sum of digits, which 


add up to 1999? 
Rusia, 1999 
22. Let a,b > 0. Prove that the sequence s(|an + b|) contains a 


constant subsequence. 
Laurentiu Panaitopol, Romanian IMO TST, 2002 
23. If s(n) = 100 and s(44n) = 800, find s(3n). 
Rusia, 1999 


24. Find the smallest positive integer which can be expressed at the 
same time as the sum of 2002 numbers with the same sum of digits and 


as the sum of 2003 numbers with the same sum of digits. 
Rusia, 2002 
25. Prove that 


O. Shallit 
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Open Questions 


1. For any a > 1, we have 


lim s(a”) = co 
noo 


(proved only for a couple of values, namely 2, 4, 6, 8). 


2. Is it true that 


|l 
mn s(n!) aoe 
no nininn 


3. Let a,b € Zt such that s(a”) = s(b") for all n € Z*. Prove that 
lga — lgb € Z. 


4. Prove that for any n, there are a,b € Z such that lga — lgb ¢ Z 
with the property that s(a¥) = s(bf) for any k € {1,2,...,n}. 


5. Is it true that 
gn 
lim ali) 


=o? 
noo Inn 
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ANALYSIS AGAINST NUMBER THEORY? 


”Olympiad problems can be solved without the aid of analysis or 
linear algebra” is a sentence always heard when speaking about the el- 
ementary problems given in contests. This is true, but the true nature 
and essence of some of these problems is in analysis and this is the reason 
for which such type of problems are always the highlight of a contest. 
Their elementary solutions are very tricky and sometimes extremely dif- 
ficult, while using analysis they can be solved quickly. Well, of course, 
quickly” only if you see the sequence that hides after each problem. 
Practically, our aim is to exhibit convergent sequences formed by in- 
teger numbers. These sequences must become constant and from here 
the problem is much easier. The difficulty is in finding those sequences. 
Sometimes, this is easy, but most of the time this is a very difficult task. 
We will develop our skills in hunting” these sequences by solving first 
some easy problems (anyway, ”easy” is a relative concept: try to solve 
them elementary and you will see if they really are easy) and after that 
we will attack the chestnuts. 

As usual, we begin with a classic beautiful problem, which has lots 
of applications and extensions. 

Example 1. Let f,g € Z[X] be two non-constant polynomials such 
that f(n)|g(n) for an infinite natural numbers n. Prove that f divides g 
in Q[X]. 

Solution. Indeed, we need to look at the remainder of g when di- 
vided with f in Q[X]! Let us write g = fh+r, were h,r are polynomials 
from Q[X] and degr < deg f. Now, multiplying by the common denom- 
inator of all coefficients of polynomials h,r, the hypothesis becomes: 


there exists two infinite sequences (an)n>1, (bn)n>1 of integer numbers 
r(an) 


flan) 


and a positive integer N such that b, = N (we could have some 
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problems with the roots of f, but they are in finite number and the 


sequence (an)n>1 tends to infinity, so from a certain point, an is not a 


nn — 0, thus (bn)n>1 


root of f). Since degr < deg f, it follows that 
is a sequence of integer numbers that tends to 0. This implies that from 
a certain point, all the terms of these sequence are 0. Well, this is the 
same as r(an) = 0 from a certain point no, which is practically the same 
thing with r = 0 (don’t forget that any non-zero polynomial has only a 
finite number of roots!). But in this moment the problem is solved. 

The next problem we are going to discuss is a particular case of a 
much more general and classical result: if f is a polynomial with integer 
coefficients, k > 1 is a natural number and ¢/f(n) € Q for all natural 
numbers n, then there exists a polynomial g € Q|X] such that f(x) = 
g*(x). We won’t discuss here this general result (the reader will find a 
proof in the chapter about arithmetic properties of polynomials). 

Example 2. Let a Æ 0,b,c be integers such that for any natural 
number n, the number an? + bn + c is a perfect square. Prove that there 
exist x,y € Z such that a = x7, b = 2ry, c= y?. 

Solution. Let us begin by writing an? + bn + c = x? for a certain 
sequence of nonnegative integers (£n)n>1- We could expect that x,—n/a 
converges. And yes, it converges, but it’s not a sequence of integers, so 
the convergence is useless. In fact, it’s not that useless, but we need 
another sequence. The easiest way is to work with (£n+1 — £n )n>1, since 
this sequence certainly converges to ya (the reader has already noticed 
why it wasn’t useless to find that £n — nva is convergent; we used this to 
establish the convergence of (%n+41 —%n)n>1). This time, the sequence is 
formed by integer numbers, so it is constant from a certain point. Thus, 
we can find a number M such that ifn > M then ¢n41 = £n + v'a. Thus, 
a must be a perfect square, let us say a = x”. A simple induction shows 


that £n = zm + (n — M)z and so (zm — Mx + nz)? = z?n? + bn + c for 
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alln > M. A simple identification of coefficients finishes the solution, 
since we can take y = ry — Mrz. 

The following problem is based on the same idea, but it really doesn’t 
seem to be related with mathematical analysis. In fact, as we will see, 
it is closely related to the concept of convergence. 

Example 3. Let a,b,c > 1 be positive integers such that for any 
positive integer n there exists a positive integer k such that a*¥+b* = 2c”. 


Prove that a = b. 
Laurentiu Panaitopol 


Solution. What does the problem say in fact? That we can find a se- 
quence of positive integers (2 )n>1 such that a% +b” = 2c”. What could 
be the convergent sequence here? We see that (£n)n>1 is appreciatively 
kn for a certain constant k. Thus, we could expect that the sequence 
({n41 — Zn)n>1 converges. Let us see if this is true or not. From where 


could we find £n41 — gn? Certainly, by writing that a®+1+b7"+1 = 2c"+1 
a%r+1 + bln+1 


atn + btn 

g a%r+: + b?n+1 . 

pose that a > b and let us write TENA = c in the form 
a n n 


b Int+1 
1+ (2) 
In+1—-In a 
by" 
1+ (2) 
a 


from where it is easy to see that a”"+1~*" converges to c. Why is it so 


and after that considering the value = c. Now, let us sup- 


a KA 


easy? It would be easy if we could show that £n — oo. Fortunately, 
this is immediate, since 2a" > 2c” => £n > nlog,c. So, we found 
that a*+!~*” converges. Being a sequence of integer numbers, it must 


become constant, so there exist M such that for all n > M we have 
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a?nti—*n — ce, This means that for all n > M we also have 
b Ln+1 
1+ (2) 
a 
= pee 
1+ (2) 
a 


But this is impossible, since a > b. Thus, our assumption was wrong 
and we must have a < b. Due to symmetry in a and b, we conclude that 
a=b. 

Another easy example is the following problem, in which finding the 
right convergent sequence of integers in not difficult at all. But, attention 
must be paid to details! 

Example 4. Let a1, a2,...,a, be positive real numbers such that 
at least one of them is not an integer. Prove that there exits infinitely 
many natural numbers n such that n and [ain] + [azn] +--+ + [apn] are 


relatively prime. 
Gabriel Dospinescu, Arhimede Magazine 


Solution. Of course, the solution of such a problem is better to be 
indirect. So, let us assume that there exists a number M such that for all 
n > M the numbers n and [ain] + [azn] + --- + [apn] are not relatively 
prime. Now, what are the most efficient numbers n to be used? Yes, 
they are the prime numbers, since if n is prime and it is not relatively 
prime with , [ain] + [azn] +--- + [apn], then it must divide [ain] + 
laon] + --- + [apn]. This suggests us to consider the sequence of prime 
numbers (Prn)n>1. Since this sequence is infinite, there is a number N 
such that if n > N then p, > M. According to our assumption, this 
implies that for all n > N there exist a natural number x, such that 
[a1Pn] + [a2pn] +- - -+ [akPn] = npn. And now, you have already guessed 


what is the convergent sequence! Yes, it is (£n)n>n. This is obvious, 
[apn] + [a2pn] Fee [akPn] 
Pn 


since tends to n > Na, + a2 +--+ ap. 
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Thus, we can find a number P such that for £n = a, + a2 +--+ a, for 
all n > P. But this is the same as {a1pn} + {a2pn} +--+ {akPn} = 0. 
Of course, this says that ajp, € Z for all i = 1,k and n > P. Well, 
the conclusion is immediate: a; € Z for all i = 1,k, which contradicts 
the hypothesis. Consequently, we were wrong again and the problem 
statement is right! 

Step by step, we start to have some experience in ” guessing” the 
sequences. Thus, it’s time to solve some more difficult problems. The 
next problem we are going to discuss may seem obvious after reading 
the solution. In fact, it’s just that type of problem whose solution is very 
short, but very hard to find. 

Example 5. Let a,b € Z such that for all natural numbers n the 


number a- 2” + b is a perfect square. Prove that a = 0. 
Poland TST 


Solution. Again, we argue by contradiction. Suppose that a Æ 0. 
Then, of course, a > 0, otherwise for large values of n the number 
a-2” +b is negative. According to the hypothesis, there exists a sequence 
of positive integers (£n)n>1 such that for all natural numbers n, £n = 
JVa- 2” +b. Then, a direct computation shows that im (2£n — 25,42) = 
0. This implies the existence of a natural number N such that for all 
n > P we have 2%) = £n42. But 2£n = £n+2 is equivalent with b = 0. 
Then, a and 2a are both perfect squares, which is impossible for a Æ 0. 
This shows, as usually, that our assumption was wrong and indeed a = 0. 

A classical result of Schur states that for any non-constant polyno- 
mial f with integer coefficients, the set of prime numbers dividing at 
least one of the numbers f(1), f(2), f(3),... is infinite. The following 
problem is a generalization of this result. 

Example 6. Suppose that f is a polynomial with integer coefficients 


and (an) is a strictly increasing sequence of natural numbers such that 
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an < f(n) for all n. Then the set of prime numbers dividing at least one 
term of the sequence is infinite. 
Solution. The idea is very nice: for any finite set of prime numbers 
p1, P2, ..-, Pr and any k > 0, we have 
3 ee 
01 ,02,.-,0N EZ 4 pn s Tei i 


Indeed, it suffices to remark that we have actually 


ba Kan peer. phon 


O11 0125+. AN EZ — j=l iso P. 


On the other hand, by taking k = we clearly have 


1 
2 deg(f) 
Soar 
2. TOF 
Thus, if the conclusion of the problem is not true, we can find 
P1, P2,...-,Pr such that any term of the sequence is of the form 
pees: pe and thus 
1 
2 ak < a pee pean < ©. 
On the other hand, we also have 
~ =e 2) ane 
nz at 
which is clearly impossible. 
The same idea is employed in the following problem. 
Example 7. Let a,b > 2 be natural numbers. Prove that there is 
a multiple of a which contains all digits 0,1,...,b6— 1 when written in 


base b. 


Adapted after a Putnam problem 
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Solution. Let’s suppose the contrary. Then any multiple of a misses 
at least a digit when written in base b. Since the sum of inverses of all 
multiples of a diverges (because 1 + ; + 5 +- = 00), it suffices to show 
that the sum of inverses of all natural numbers missing at least one digit 
in base b is convergent and we will reach a contradiction. But of course, 
it suffices to prove it for a fixed (but arbitrary) digit j. For any n > 1, 
there are at most (b — 1)” numbers which have n digits in base b, all 
different from j. Thus, since each one of them is at least equal to b”~!, 
the sum of inverses of ae E miss the digit j when written in base 


b is at most equal to Si (FS) , which converges. The conclusion 
n 


follows. 

We return to classical problems to discuss a beautiful problem, that 
appeared in the Tournament of the Towns in 1982, in a Russian Team 
Selection Test in 1997 and also in the Bulgarian Olympiad in 2003. It’s 
beauty explains probably the preference for this problem. 

Example 8. Let f € Z[X] be a polynomial with leading coefficient 
1 such that for any natural number n the equation f(x) = 2” has at 
least one natural solution. Prove that deg f = 1. 

Solution. So, the problem states that there exists a sequence of 
positive integers (£n)n>ı such that f(x) = 2”. Let us suppose that 
deg f = k > 1. Then, for large values of x, f(x) behaves like z”. So, 
trying to find the right convergent sequence, we could try first to ’think 
big”: we have zë & 2”, that is for large n, £n behaves like 2%. Then, 
a good possibly convergent sequence could be £n+k — 2%. Now, the 
hard part: proving that this sequence is indeed convergent. First, we 


will show that Tntk 


converges to 2. This is easy, since the relation 
Tn 
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f(2n+k) T 2* f(2n) implies 
f (Ensk) (a — ək. f(&n) 


k k 
Tn+k Tn Tr 
and since 
8 E C7 f 
lim GT ea lim £n = oo 
r— T n—00 


(do you see why?), we find that indeed 


; Tn+k 
lim 


n=>œ© In 


=R 


We will see that this will help us a lot. Indeed, let us write 
k-11 
f(a) =x" + oS az’. 
i=0 


Then f(£n+k) = 2" f (£n) can be also written 


But from the fact that lim Zntk _ 9 it follows that the right-hand 
side in the above relation > alee icone: So, (Ln+k — 2%n)n>1 is con- 
vergent and it follows that there exist M, N such that for all n > M we 
have £n+k = 2%,+ N. But now the problem is almost done, since the last 
result combined with f(an44) = 2" f (£n) yields f(2r, + N) = 2* f(an) 
for n > M, that is f(2x + N) = 2* f(x). So, an arithmetical property 
of the polynomial turned into an algebraic one using analysis. This al- 
gebraic property helps us to immediately solve the problem. Indeed, we 
see that if z is a complex root of f, then 2z + N,4z+3N,8z+7N,... 
are all roots of f. Since f is non-zero, this sequence must be finite and 
this can happen only for z = —N. Since —N is the only root of f, we 
deduce that f(x) = (x + .N)*. But since the equation f(x) = 2?*+1 has 
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natural roots, we find that 2z EN , which implies, contradiction. Thus, 
our assumption was wrong and deg f = 1. 

The idea of the following problem is so beautiful, that after reading 
the solution the reader will have the impression that the problem is 
trivial. Wrong! The problem is really difficult and to make again an 
experiment, we will ask the reader to struggle a lot before reading the 
solution. He will see the difficulty. 

Example 9. Let m(n) be the number of prime numbers smaller than 
or equal to n. Prove that there exist infinitely many numbers n such that 


AMM 


Solution. First, let us prove the following result, which is the key 
of the problem. 


Lemma. For any increasing sequence of positive integers (dn)n>1 
a n 
such that lim — = 0, the sequence (=) contains all natural num- 
bers. In particular, for infinitely many n we have that n divides an. 
Proof. Even if it seems unbelievable, this is true and moreover the 


proof is extremely short. Let m > 1 be a natural number. Consider the 


1 
set A = {n > 1]| oa > 1 This set contains and it is bounded, since 
mn ` m 
A amn i : amk 1 
lim —— = 0. Thus it has a maximal element k. If —— = —, then 
n=>œ mn mk m 


m is in the sequence (=) . Otherwise, we have am(k+1) 2 amk = 
k +1, which shows that i + Tis also in the set, contradiction with the 
maximality of k. The lemma is proved. 

Thus, all we need to show is that lim Ao) = 0. Fortunately, this is 
well-known and not difficult to anes There: are easier proofs than the 
following one, but we prefer to deduce it from a famous and beautiful 


result of Erdos. 
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Erdos’s theorem. We have II pea", 


psn 
p prime 


The proof of this result is magnificient. The proof is by induction. 
For small values of n it is clear. Now, assume the inequality true for all 


values smaller than n and let us prove that II p < 4”. If nis even, 


psn 
pprime 


we have nothing to prove, since 


lL =] ese = 


pín p<n-1 
pprime pprime 


Now, assume that n = 2k + 1 and consider the binomial coefficient 


Eo z (k +2)... (2k +1) 
k k! 


A simple application of the fact that 


shows that 


Thus, using the inductive hypothesis, we find that 


JĮ r< II » II p< 441. gk = gn, 


pín p<k+1 k+2<p<2k+1 
pprime pprime pprime 
T(n) 


Now, the fact that lim —— = 0 is trivial. Indeed, fix k > 1. We 
n00 n 


have for all large n the inequality 


nlg4> Š lgp>lgk(n(n) — x(k), 


k<p<n 
p prime 
which shows that 
n(k) Ig4 
< — ———; 
ns n i lg k 
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This shows of course that lim ag) = 0. The problem is solved. 
n=>œ n 


It is time now for the last problem, which is, as usual, very hard. We 
don’t exaggerate if we say that the following problem is exceptionally 
difficult. 

Example 10. Let a,b > 1 be natural numbers such that for any 


natural number n, a” — 1|b” — 1. Prove that b is a natural power of a. 
Marius Cavachi, AMM 


Solution. This time we will be able to find the right convergent 
sequence only after some double recurrences. Let us see. So, initially 


we are given that there exists a sequence of positive integers (x},)n>1 


n b n 
Then, z} S (2) for large values of n. So, we 
a 


a” —1 
could expect that the sequence (x2) n>1, 22 = ba}, — ax? 41 is convergent. 


such that zł = 


Unfortunately, 


2 _ PHa- 1)-a™™(b-1)+a—b 
i CE 


T 


which is not necessarily convergent. But... if we look again at this 
n 
sequence, we see that for large values of n it grows like (=) , SO 
a 
much slower. And this is the good idea: repeat this procedure until 
n 


the final sequence behaves like , where k is chosen such that 


k+1 

a 
a¥ < b < a*t!. Thus, the final sequence will converge to 0. Again, 
the hard part has just begun, since we have to prove that if we define 
ait! = bat, — atxi q; then im xk+l — 0. This isn’t easy at all. The idea 
is to compute x? and after that to prove the following statement: for 
any i > 1 the sequence (z )n>1 has the form 

cib? + cia TD" +... + ea" + co 

(arti = 1) (att? = 1) Pop (a” — 1) 


for some constants co, C1,..., Ci. Proving this is not so hard, the hard part 


was to think about it. How can we prove the statement otherwise than by 
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induction? And induction turns out to be quite easy. Supposing that the 
statement is true for i, then the corresponding statement for 7+1 follows 


i+] 


from x} 


= bx’, —a'x',,, directly (note that to make the difference, we 
just have to multiply the numerator c;b”+c;-1a0 7D” -+. - -+c1a”+co with 


n+?_1. Then, we proceed in the same way with the second fraction 


band a 

and the term b”+ta”ti will vanish). So, we have found a formula which 

shows that as soon as a’ > b we have lim gf = 0. So, we have deduced 
noo 


that lim zkt! = 0. Another step of the solution is to take the minimal 
n— Ooo 


J 


index j such that lim zn = 0. Obviously, j > 1 and the recurrence 


n— Co 
relation zitt = bri — a'zi; shows that x, € Z for all n,i. Thus, there 
exists M such that whenever n > M we have x), = 0. This is the: same 
= an ere = b ae 7 
as bx}, | = al xI 7 for all n > M, which implies 277! = oe. 
for all n > M. Let us suppose that b is not a multiple of a. Since 


b n—M T 
(5) te € Z for all n > M, we must have al! = 0 and so 
a 


xi! = 0 for n > M, which means Jim, x), = 0. But this contradicts 
the minimality of j. Since we have reached a contradiction, we must 
have alb. Let us write b = ca. Then, the relation a” — 1|b” — 1 implies 
a” — 1| — 1. And now are finally done. Why? We have just seen that 
a” — 1\c” — 1 for all n > 1. But our previous argument applied for c 
instead of b shows that alc. Thus, c = ad and we deduce again that ald. 
Since this process cannot be infinite, b must be a power of a. 

It worth saying that there exist an even stronger result: it is enough 
to suppose that a” — 1|b” — 1 for an infinite number n, but this is a 
much more difficult problem. It follows from a result found by Bugeaud, 
Corvaja and Zannier in 2003: 

If a,b > 1 are multiplicatively independent in Q* (that is log, b € Q), 
then for any £ > 0 there exists no = no(a, b, €) such that gcd(a” — 1, b” — 
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1) < 2°” for all n > no. Unfortunately, the proof is too advanced to be 


presented here. 


Problems for training 


1. Let f € Z[X] be a polynomial of degree k such that for all n € N 
we have */f(n) € Z. Prove that there exists integer numbers a,b such 
that f(x) = (ax +b)*. 

2. Find all arithmetic progressions of positive integers (an)n>1 such 
that for all n > 1 the number a; + a2 +---+ an is a perfect square. 

Laurentiu Panaitopol, Romanian Olympiad 1991 

3. Let p be a polynomial with integer coefficients such that there 
exists a sequence of pair wise distinct positive integers (G@n)n>1 such 
that p(ai1) = 0, p(az) = ai, p(a3) = ag,.... Find the degree of this 
polynomial. 

Tournament of the Towns, 2003 

4. Let f,g : N* — N* two functions such that |f(n) — n| < 2004,/n 
and n? + g?(n) = 2f?(n). Prove that if f or g is surjective, then these 
functions have infinitely many fixed points. 


Gabriel Dospinescu, Moldova TST 2004 


5. Let a,b be natural numbers such that for any natural number n, 
the decimal representation of a + bn contains a sequence of consecutive 
digits which form the decimal representation of n (for example, if a = 
600, b = 35, n = 16 we have 600 + 16 - 35 = 1160). Prove that b is a 


power of 10. 
Tournament of the Towns, 2002 


6. Let a,b > 1 be positive integers. Prove that for any given k > 0 
there are infinitely many numbers n such that y(an + b) < kn, where y 


is the Euler totient function. 
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Gabriel Dospinescu 


7. Let 6 an integer at least equal to 5 and define the number 


£n = 11...122...25 in base b. Prove that x, is a perfect square for 
= n 
n—l1 n 
all sufficiently large n if and only if b = 10. 
Laurentiu Panaitopol, IMO Shortlist 2004 


8. Find all triplets of integer numbers a, b, c such that for any positive 


integer n, a- 2” + b is a divisor of c” + 1. 
Gabriel Dospinescu 


11. Suppose that a is a real number such that all numbers 


1°,2%,3°,... are integers. Then prove that a is also integer. 
Putnam 


12. Find all complex polynomials f having the property: there exists 
a > 2 a natural number such that for all sufficiently large n, the equation 


fay = a” has at least a positive rational solution. 
Gabriel Dospinescu, Revue de Mathematiques Speciales 


13. Let f be a complex polynomial having the property that for all 
natural number n, the equation f(x) = n has at least a rational solution. 


Then f has degree at most 1. 
Mathlinks Contest 


14, Let A be a set of natural numbers, which contains at least one 
number among any 2006 consecutive natural numbers and let f a non- 
constant polynomial with integer coefficients. Prove that there exists a 
number N such that for any n > N there are at least VinIn n different 


prime numbers dividing the number II f(k). 


N<k<n 
keEA 


Gabriel Dospinescu 
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15. Prove that in any strictly increasing sequence of positive integers 
(@n)n>1 Which satisfies an < 100n for all n, one can find infinitely many 


terms containing at least 1986 consecutive 1. 
Kvant 


16. Any infinite arithmetical progression contains infinitely many 
terms that are not powers of integers. 

17. Find all a,b,c such that for all sufficiently large n, the number 
a-4"+6-6"+c-9” is a perfect square. 

18. Let f,g two real polynomials of degree 2 such that for any real 
x, if f(x) is integer, so is g(a). Then there are integers m,n such that 


g(x) = mf(x) +n for all z. 
Bulgarian Olympiad 


19. Try to generalize the preceding problem (this is for the die- 
hards!!!). 
20. Find all pairs of natural numbers a, b such that for every positive 


integer n the number an + b is triangular if and only if n is triangular. 
After a Putnam problem 


21. Let (an)n>ı be an infinite and strictly increasing sequence of 
positive integers such that for all n > 2002, a,|a, + ag +--+ + an-1- 
Prove that there exists no such that for all n > no we have an = ay + 


ag +++ + Gn. 
Tournament of the Towns, 2002 


22. Find all real polynomials such that the image of any repunit is 


also a repunit. 
After a problem from Kvant 
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ca 


23. Fie doua multimi finite de numere reale pozitive cu proprietatea 


[Z rner} <{Datiner}. 


LEA xEB 
Sa se arate ca exista k € R astfel incat A = {x*| x € B}. 


Gabriel Dospinescu 


248 


QUADRATIC RECIPROCITY 
For an odd prime p, define the function (2) : Z = {-1,1} by 
P 
(2) = 1 if the equation x? = a has at least a solution in Zp and, other- 
P 


wise, V= iT the first case, we say that a is a quadratic residue 
modulo p, otherwise we say that it is a non quadratic residue modulo 
p. This function is called Legendre’s symbol and plays a fundamental 
role in number theory. Perhaps the most remarkable result involving 
this symbol is Gauss’s quadratic reciprocity law. This states that for 


different odd prime numbers p,q the following equality holds: 


This is a nontrivial result whose proof will be sketched later. Until 
then, we will unfold some easier properties of Legendre’s symbol. First, 
let us present an useful theoretical (but not practical at all) way of 

f a 
computing (2) due to Euler. 
Theorem. The following identity is true: 


(2) =a (mod p). 


P 


We will prove this result and many other simple remarks concerning 


a 
quadratic residues in what follows. First, let us assume that (: = 1] 
P 


2 


and consider x a solution of the equation z^ = a in Zp. Using Fermat’s 


theorem, we find that aF = l = 1 (mod p). Thus the equality 


(2) = aF (mod p) holds for all quadratic residues a modulo p. In 


P 
addition, for any quadratic residue we have aF = 1 (mod p). Now, we 


-1 
will prove that there are exactly > quadratic residues in Zp \ {0}. 


This will enable us to conclude that quadratic residues are precisely the 
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roots of the polynomial X *>* — 1 and also that non quadratic residues 
are exactly the roots of the polynomial X P7 + 1 (from Fermat’s little 
theorem). Note that Fermat’s little theorem implies that the polynomial 
AP —1 = (T — MES + 1) has exactly p — 1 roots in the field 
Zp. But in a field, the number of different zeros of a polynomial cannot 
exceed its degree. Thus each of the polynomials X P7 1 and XF +1 
l zeros in Zp. These two observations show that in fact 
p- 


has at most = 


each of these polynomials has exactly zeros in Zp. Let us observe 


— 1 
next that there are at least > quadratic residues modulo p. Indeed, 


all numbers 7? (mod p) with 1 <i < Pp are quadratic residues and 


they are all different. This shows that there are exactly a quadratic 
residues in Zp \ {0} and also proves Euler’s criterion. 

We have said that Euler’s criterion is a very useful result. Indeed, it 
allows a very quick proof of the fact that (2) : Z — {-1,1} is a group 


morphism. Indeed, we have 


(B= wanae ote (5) (0) 


The relation (=) = (2) (2) shows that while studying Le- 
gendre’s symbol, it afi ene on the prime numbers only. Also, 
the same Euler’s criterion implies that (2) = (2) whenever a = b 
(mod p). i 
It is now time to come back to Gauss’s celebrated quadratic reci- 
procity law. First of all, we will prove a lemma (due to Gauss). 
Lemma. Let p be an odd prime and leta € Z such that gcd(a, p) = 1. 


If m is the number of positive integers x such that x < P and 5 < ax 


(mod p) < p, then (2) = (-1)™. 
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Proof. Let £1, 272,...,2%m be those numbers x for which z < 5 and 


—2 
5 < ax (mod p) < p. Let k = — —m and y1,..., Yk all numbers 
smaller than = different from 21, £2,..., Em- 
Observe that 
p—1 
2 —]1 = 
[[ =a’ (? ) = (2) ( ) (mod p) 
pate 2 p 2 
On the other hand, 
p—-1 
2 
c»=- I @) ma) p (ax) (mod) 
x=1 az (mod p)>§ az (mod p)<& 
We clearly have 
II (ax) (mod p) II (ax) (mod p) 
az (mod p)>§ ax (mod p)<& 
m k 
= II ax; (mod p) II ay; (mod p). 
i=1 j=l 
On the other hand, the numbers p — ax; (mod p) and ay; (mod p) 
give a partition of 1,2,..., — (mod p). Indeed, it suffices to prove 


that p — ax; (mod p) Æ ay; (mod p), which is clearly true by the defi- 


nition of x,y; < = Hence we can write 


m k 

Jor: (mod p) J] ayi (mod p) 

i=1 j=1 
m k 

= (—1)” | [(p- arı (mod p)) [| av; (mod p) 
i=l j=l 
= (D J]: (moa p) = o” (25E)! (moa p) 
i=1 


Combining these facts, we finally deduce that (=) = (1) 
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Using Gauss’s lemma, the reader will enjoy proving the next two 
classical results. 
2 
Theorem. The identity (=) = (-1) 
P 


p2 


=i 
8 holds for any odd prime 
number p. 

Theorem. (quadratic reciprocity law) For any different odd primes 


p,q, the following identity holds: 


Using this powerful arsenal, we are now able to solve some interest- 
ing problems. Most of them are merely direct applications of the above 
results, but we think that they are still worthy not necessarily because 
they appeared in various contests. 

Example 1. Prove that the number 2” + 1 does not have prime 


divisors of the form 8k — 1. 
Vietnam TST 2004 


Solution. Indeed, assume that p is a prime divisor of the form 8k—1 
that divides 2” + 1. Of course, if n is even, the contradiction is im- 
mediate, since in this case we would have —1 = (22)? (mod p) and 


i af 
so —1 = ‘eis = (=) = 1. Now, assume that n is odd. Then 
P 


n —2 
—2 = (27) (mod p) and so {| — } = 1. This can be also written in 
P 


—1\ /2 2 
the form | — } | —} =1, or it 
Pp 


the form 8k — 1 the later cannot hold and this is the contradiction that 


p2 


s = 1. Fortunately, if p is of 


solves the problem. 

Based on the same idea and with a bit more work, we arrive at the 
following result. 

Example 2. Prove that for any positive integer n, the number 23” +1 


has at least n prime divisors of the form 8k + 3. 
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Gabriel Dospinescu 


Solution. Using the result of the previous problem, we deduce that 
2” + 1 does not have prime divisors of the form 8k + 7. We will prove 
that if n is odd, then it has no prime divisors of the form 8k + 5 either. 
Indeed, let p be a prime divisor of 2” + 1. Then 2" = —1 (mod p) and 


so —2 = (2°)? (mod p). Using the same argument as the one in the 


p -1 p-l 
8 


previous problem, we deduce that + is even, which cannot 
happen if p is of the form 8k + 5. 

Now, let us solve the proposed problem. We will assume n > 2 
(otherwise the verification is trivial). The essential observation is the 


identity: 
E OU Oe eis Or A ee ee) 
Now, we will prove that for all 1 < i < j < n— 1, ged(22** — 23% + 


1, 223 93 1) = 3. Indeed, assume that p is a prime number dividing 
ged(2?" — 23 41,223 23 ot, 1) We will then have p23 + 1. Thus, 


23 = (ee Sa =—1 (mod p), 
implying 
(So?! =o" 41=1-(-1)+1=3 (mod p). 


$ 


This cannot happen unless p = 3. But since va(ged(22 3 — 2 4 
1,223’ — 23 + 1)) = 1 (as one can immediately check), it follows that 


Gedo? = 25 +1,23 — 27 8 


and the claim is proved. 

It remains to show that each of the numbers 223 — 23% + 1, with 
1<i<n-—1 has at least a prime divisor of the form 8k + 3 different 
from 3. It would follow in this case that 23” +1 has at least n— 1 distinct 


prime divisors of the form 8k+3 (from the previous remarks) and since it 
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is also divisible by 3, the conclusion would follow. Fix i € {1,2,...,n—1} 
and observe that any prime factor of 9?:3' _ 93 41 is also a prime factor 
of 23” +1 and thus, from the first remark, it must be of the form 8k + 1 
or 8k + 3. Because v3(223" — 23° + 1) = 1, it follows that if all prime 
divisors of 223° — 23° +1 except for 3 are of the form 8k + 1, then 
223 08 47 8 (mod 8), which is clearly impossible. Thus at least 
a prime divisor of 9?3' _ 93' + 1 is different from 3 and is of the form 
8k +3 and so the claim is proved. The conclusion follows. 

At first glance, the following problem seems trivial. Far from being 
true! It is actually very tricky, because brute force will take us nowhere. 
In the framework of the above results, this should not be so difficult 
now. 

Example 3. Find a number n between 100 and 1997 such that 
n|2” + 2. 


APMO, 1997 


Solution. If we search for odd numbers, then we will certainly fail 
(actually, this result due to Sierpinski has been proved in the topic ” Look 
at the exponent!”). So let us search for even numbers. The first step 
would be choosing n = 2p, for some prime number p. Unfortunately this 
cannot work by Fermat’s little theorem. So let us try setting n = 2pq, 
with p,q different prime numbers. We need pq|2?P9-1 + 1 and so we 
must have (= = (= = 1. Also, using Fermat’s little theorem, 


P q 
p\274-! + 1 and q|2?P7t +1. A small verification shows that q = 3,5,7 


are not good choices, so let us try q = 11. In this case we find p = 43 
and so it suffices to show that pq|2?P9-1 +1 for q = 11 and p = 43. 
This is immediate, since the hard work has already been completed: we 


—2 
have shown that it suffices to have p\q?4~1, q|2??-! +1, and (=) = 
P 


254 


(=) = 1 in order to have pq|2??7-'+1. But as one can easily check, all 
these conditions are verified and the number 2-11-48 is a valid answer. 

Were we wrong when choosing to present the following example? It 
apparently has no connection with quadratic reciprocity, but let us take 
a Closer look. 

Example 4. Let f,g: Zt — Z* functions with the properties: 

i) g is surjective; 

ii) 2f2(m) = n? + g?(n) for all positive integers n. 

If, moreover, | f(n)—n| < 2004,/n for all n, prove that f has infinitely 


many fixed points. 
Gabriel Dospinescu, Moldova TST, 2005 


Solution. Let p, be the sequence of prime numbers of the form 
8k + 3 (the fact that there are infinitely many such numbers is a trivial 
consequence of Dirichlet’s theorem, but we invite the reader to find an 


elementary proof). It is obvious that for all n we have 


Using the condition i) we can find £n such that g(a) = pn for all n. It 


follows that 2f?(a,) = x2 + p2, which can be rewritten as 2f?(r,) = x2 
(mod pn). Because | — } = —1, the last congruence shows that pn|£n 
and p,|f (£n). Thus ee exist sequences of positive integers an, bn such 
that £n = GnPn, f(£n) = bnpn for all n. Clearly, ii) implies the relation 
2b2 = a? + 1. Finally, using the property |f (n) — n| < 2004,/n we infer 
that 


2004 > f (tn) i _ | on i), 
that is 
4/a2 +1 
lim Von tt = V2. 
n—- 00 An 
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The last relation immediately implies that lim an = 1. Therefore, 
starting from a certain rank, we have an = 1 = that is f(pn) = Pn- 
The conclusion now follows. 

We continue with a difficult classical result, that often proves very 
useful. It characterizes numbers that are quadratic residues modulo all 
sufficiently large prime numbers. Of course, perfect square are such num- 
bers, but how to prove that they are the only ones? 

Example 5. Suppose that a € N is not a perfect square. Then 
( = —1 for infinitely many prime numbers p. 

Solution. One may assume that a is square-free. Let us write a = 
2°q1q2---Gn, Where q; are different odd primes and e € {0,1}. Let us 
assume first that n > 1 and consider some odd distinct primes r1,...,Tk 
each of them different from q1,...,qn. We will show that there exists a 
prime p, different from r1,...,rz, such that (2) = —1. Let s be a non 
quadratic residue modulo qn. : 

Using the Chinese remainder theorem, we can find a positive integer 
b such that 

b=1 (modr;), 1<i<k 
b=1 (mod 8), 
b=1q,1<i<n-1 
b=s (mod qn) 
Now, write b = pı . . . Pm with p; odd primes, not necessarily distinct. 


Using the quadratic reciprocity law, it follows immediately that 


I (=) = Teco = eine =1 


an \Pi i=1 
and 
n ah tute f E 
(2) 2e Pii gil (2) a (2) = (2) 
j=l Pj j=l qi qi qi 
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for all i € {1,2,...,n}. Hence 


w |) MEG) 
i=1 (5 j=1 \PJ Ter NEI 
Coe ono 
j=l qi dn dn 
Thus, there exists 7 € {1,2,...,m} such that (=) = —1. Because 
Pi 
b=1 (mod rj), 1 < i< k we also have p; € {1,2,...}\ {ri,..., rk} and 


the claim is proved. 

The only remaining case is a = 2. But this one is very simple, since it 
suffices to use Dirichlet’s theorem to find infinitely many primes p such 
is odd. 


As in other units, we will now focus on a special case. This time it is 


2 
that P 


a problem almost trivial in the above framework and almost impossible 
to solve otherwise (we say almost because there is a beautiful, but very 
difficult solution using analytical tools, that we will not present here). 

Example 6. Suppose that a1, a2,...,@2004 are nonnegative integers 
such that af + a} +---+ a394 is a perfect square for all positive integers 
n. What is the minimal number of such integers that must equal 0? 


Gabriel Dospinescu, Mathlinks Contest 


Solution. Suppose that a1, a2,...,a,% are positive integers such that 
ay + ay +---+ az is a perfect square for all n. We will show that k 
is a perfect square. In order to prove this, we will use the above result 
and show that (=) = 1 for all sufficiently large prime p. This is not a 
difficult task. Indeed, consider a prime p, greater than any prime divisor 
of a1a2 ... ag. Using Fermat’s little theorem, ae +ap! + +a?! =k 
(mod p), and since ae +an* +-+ a27! is a perfect square, it follows 


k 
that (=) = 1. Thus k isa perfect square. And now the problem becomes 
P 
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trivial, since we must find the greatest perfect square smaller than 2004. 
A quick computation shows that this is 44? = 1936 and so the desired 
minimal number is 68. 

Here is another nice application of this idea. The following example 
is adapted after a problem given in Saint Petersburg Olympiad. 

Example 7. Suppose that f € Z[X] is a second degree polynomial 
such that for any prime p there exists at least an integer n for which 
p\f(n). Prove that f has rational zeros. 

Solution. Let f(x) = az? + br + c be this polynomial. It suffices 
of course to prove that b? — 4ac is a perfect square. This boils down 
to proving that it is a quadratic residue modulo any sufficiently large 


prime. Pick a prime number p and an integer n such that p|f(n). Then 


b? — 4ac = (2an +b)? (mod p) 


b — 4 
(=)=: 
P 


This shows that our claim is true and finishes the solution. 


and so 


Some of the properties of Legendre’s symbol can be also found in 
the following problem. 
Example 8. Let p be an odd prime and let 


=e 
fa) = (=) xe 
izi \P 
a) Prove that f is divisible by X — 1 but not by (X — 1)? if and only 
if p = 3 (mod 4); 
b) Prove that if p = 5 (mod 8) then f is divisible by (X — 1)? and 
not by (X — 1). 


Romanian TST, 2004 
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Solution. The first question is not difficult at all. Observe that 


p—1 ? 
i 
say = (5) =0 
a P 
; p-l 
by the simple fact that there are exactly EA quadratic and non qua- 
dratic residues in {1,2,...p— 1}. Also, 
p-l ; p—1 i 
anh 
i=1 P an NP 
because f(1) = 0. The same idea of summing up in reversed order allows 


us to write: 


i=1 
(we used again the fact that f(1) = 0). 
Hence for p = 1 (mod 4) we must also have f’(1) = 0. In this case 


f is divisible by (X — 1)?. On the other hand, if p = 3 (mod 4), then 


w )= yae =1 (mod 2) 
i=l 


and so f is divisible by X — 1 but not by (X — 1)?. 


The second question is much more technical, even though it uses the 


same main idea. Observe that 
p-1 p-1 ; p—1 5 
f'a 2-3i+2) (2) = a()-s i(4) 
= DENG) = ED) Ba 
(once again we use the fact that f(1) = 0). Observe that the condition 
p =5 (mod 8) implies, by a), that f is divisible by (X — 1)? so actually 


Let us break this sum into two pieces and treat each of them inde- 


pendently. Let us deal with 


pol pol 
2 2 
2 2 
dew (F)=4(5) (5) 
i=l P P i=1 P 
Note that 
pol pol pol 
2 2 2 2: 
— 1 
e(4)= C= i=- =1 (mod 2), 

i=1 p i=1 i=1 


SO 


Sor (=) =+ (mod 8) 


2_ 
(actually, using the fact that (=) = (aire; we obtain that its value 
is —4). On the other hand, 


N 


Se (2) ay (22) (mod 8). 


If we prove that the last quantity is a multiple of 8, then the problem 
will be solved. But note that f(1) = 0 implies 


Hal p—1 


DEEE) 


p=3 pol 
2 . 2 P 
2i+ 1 ss 2i— 1 
i=1 P i=1 P 


(3 


pol 

2 [2-1 

Therefore D ( = ) = 0 and the problem is finally solved. 
i=1 
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Finally, a difficult problem. 

Example 9. Find all positive integers n such that 2” — 1/3" — 1. 

Solution. We will prove that n = 1 is the only solution to the 
problem. Suppose that n > 1 is a solution. Then 2” — 1 cannot be a 


multiple of 3, hence n is odd. Therefore, 2” = 8 (mod 12). Because any 


odd prime different from 3 is of one of the forms 12k+1, 12k+5 and since 

2” —1=7 (mod 12), it follows that 2” — 1 has at least a prime divisor 
3 

of the form 12k + 5, call it p. Obviously, we must have (2) = 1 and 
P 


using the quadratic reciprocity law, we finally obtain (5) = (1) F. 
+2 

On the other hand (5) = (=) = —(+1). Consequently, —(+1) = 

(iy = +1, which is the desired contradiction. Therefore the only 


solution is n = 1. 


Problems for training 

1. Prove that for any odd prime p, the smallest positive quadratic 
non residue modulo p is smaller than 1 + \/p. 

2. Let p be a prime number. Prove that the following statements are 
equivalent: 

i) there is a positive integer n such that p|n? — n + 3; 

ii) there is a positive integer m such that p|m? — m +25. 

Polish Olympiad 

3. Let xı = 7 and let rp41 = 2x2 — 1. Prove that 2003 does not 

divide any term of the sequence. 


Valentin Vornicu, Mathlinks Contest 


4. Let p be a prime of the form 4k + 1. Compute 


(E 


261 


as) 


> 
ll 


Korea TST 2000 


5. Prove that the number 3” + 2 does not have prime divisors of the 
form 24k + 13. 
Laurentiu Panaitopol, Gazeta Matematica 
6. What is the number of solutions to the equation a? + b? = 1 in 
Zp X Zp. What about the equation a? — b? = 1? 
7. Suppose that p is an odd prime and that A, B are two different 
non empty subsets of {1,2,...,p— 1} for which 
i) AUB = {1,2,...,p— 1}; 
ii) If a,b are in the same set among A, B, then ab (mod p) € A; 
iii) If a € A, b € B, then abe B. 
Find all such subsets A, B. 
India 


8. Let a,b,c be positive integers such that b? — 4ac is not a perfect 
square. Prove that for any n > 1 there are n consecutive positive integers, 
none of which can be written in the form (ax? + bry + cy”)* for some 
integers x,y and some positive integer z. 

Gabriel Dospinescu 


9. Let be integers relatively prime with an odd prime p. Prove that: 
x (e+) = (£) 
i=1 P P 


p—1 
k 
10. Compute SS (=), where f is a polynomial with integral 
P 
k=1 
coefficients and p is an odd prime. 


11. Suppose that for a certain prime p, the values the polynomial 
with integral coefficients f(x) = az? + br +c takes at 2p — 1 consecutive 


integers are perfect squares. Prove that p|b? — 4ac. 


IMO Shortlist 
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12. Suppose that ¢(5” — 1) = 5” — 1 for a pair (m,n) of positive 
integers. Here ¢ is Euler’s totient function. Prove that gcd(m,n) > 1. 

Taiwan TST 

13. Let p be a prime of the form 4k+1 such that p?|2?—2. Prove that 

the greatest prime divisor q of 2? — 1 satisfies the inequality 24 > (6p)?. 


Gabriel Dospinescu 
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SOLVING ELEMENTARY INEQUALITIES WITH 
INTEGRALS 


Why are integral pertinent for solving inequalities? Well, when we 
say integral, we say in fact area. And area is a measurable concept, a 
comparable one. That is why there are plenty of inequalities which can 
be solved with integrals, some of them with a completely elementary 
statement. They seem elementary, but sometimes finding elementary 
solutions for them is a real challenge. Instead, there are beautiful and 
short solutions using integrals. Of course, the hard part is to find the 
integral that hides after the elementary form of the inequality (and to 
be sincere, the idea of using integrals to solve elementary inequalities 
is practically inexistent in Olympiad books). First, let us state some 
properties of integrals that we will use here. 


1) For any integrable function f : [a,b] — R we have 


b 
I f?(x)dx > 0. 


2) For any integrable functions f,g : [a,b] —> R such that f < g we 
have 
b b 
I f(x)dx < f g(x)dx (monotony for integrals). 
a a 
3) For any integrable functions f, g : [a,b] > R and any real numbers 


a, 6 we have 


b b b 
I (af(x)+8g(x))dz = a f Fa)dz+8 | g(x) (linearity of integrals). 


Also, the well-known elementary inequalities of Cauchy-Schwarz, 
Chebyshev, Minkowski, Hölder, Jensen, Young have corresponding in- 
tegral inequalities, which are derived immediately from the algebraic 
inequalities (indeed, one just have to apply the corresponding inequal- 


k 
ities for the numbers f (« + Eo — a)); g (« +—(b- «)) ,-.- with 
n 
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k € {1,2,...,n} and to use the fact that 


b M n 
f f(x)dx = i (a+ o-a) . 


The reader will take a look at the glossary if he doesn’t manage to 
state them. 

It seems at first glance that this is not a very intricate and difficult 
theory. Totally false! We will see how strong is this theory of integration 
and especially how hard it is to look beneath the elementary surface 
of a problem. To convince yourself of the strength of the integral, take 
a look at the following beautiful proof of the AM-GM inequality using 
integrals. This magnificent proof was found by H. Alzer and published 
in the American Mathematical Monthly. 

Example 1. Prove that for any a1,a2,...,@, > 0 we have the in- 
equality 


ai + a2 +: + an 
n 


> a102... an. 
Solution. Let us suppose that a, < a2 <--- < an and let 


ai + a2 +: + an 
n 


A= 


, B= A aaa: 


Of course, we can find an index k € {1,2,...,n — 1} such that 
ak < G < ak1. Then it is immediate to see that 
A Re E ien aa od 
aae Zana) (g-i) 
and the last quantity is clearly nonnegative, since each integral is non- 
negative. 
Truly wonderful, isn’t it? So, after all, integrals are nice! This is also 
confirmed by the following problem, an absolute classic whose solution 


by induction can be a real nightmare. 
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Example 2. Prove that for any real numbers aj, a2,...,@n the fol- 


lowing inequality holds: 


Poland Mathematical Olympiad 
Solution. Now, we will see how easy is this problem if we manage 
to handle integrals and especially to see from where they come. The 
essential suggestion is the observation that 
a = T aajt dt. 
And now the problem is solved. What follows are just formalities; 
the hard part was translating the inequality. After that, we will decide 
what is better to do. So, 


is equivalent to 
n 1 
`> 1 a;ajt idt > 0, 
ij=1 "0 
or, using the linearity of the integrals, to 


1 Ik . . 
J 5 ajajt ti! dt > 0. 
0 


ij=l 
This form suggests us that we should use the first property, that is 
we should find an integrable function f such that 
n 
POS >) dat dk 
ij=l 
This isn’t hard, because the formula 


n 2 n 
ò Aiti = ) AjAjXj{X; 
i=1 


ij=1 
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solves the task. We just have to take 


n 
f(z) = ťa 
i=1 
We continue the series of direct applications of classical integral in- 
equalities with a problem proposed by Walther Janous and which may 
also put serious problems if not attacked appropriately. 
Example 3. Let t > 0 and the sequence (£n)n>1 defined by 


Apie 
= n+1 ` 


n 


Prove that 


Tı S yz2 < £3 < Y4 L... 


Walther Janous, Crux Mathematicorum 


Solution. It is clear that for t > 1 we have 
1 t 


n 
e d 
7 o" u 


Tn 


and for t < 1 we have 
1 t 


es u” du. 
f=44, 


Tn 


This is how the inequality to be proved reduces to the more general 


inequality 


for all k > 1 and any nonnegative integrable function f : [a,b] > R. 
And yes, this is a consequence of the Power Mean Inequality for integral 
functions. 

The following problem has a long and quite complicated proof by 


induction. Yet, using integrals it becomes trivial. 
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Example 4. Prove that for any positive real numbers x,y and any 
positive integers m,n 
Qa Daa YE +g") inn lary ery") 


gintn— 1 


> mn( y a ee 


Austrian-Polish Competition ,1995 


Solution. We transform the inequality as follows: 


max — y) (sI — yt") > (mt n—-I(a™-—y™)\(2"-y") © 


gintn-1 — a,m+n—-1 gm — y™ gt — y” 


> 
(m+n—I)(a@—y) ~ m(a—y) n(x- y) 
(we have assumed that x > y). The last relations can be immediately 


translated with integrals in the form 


w=) f pee erat | idt. 
y yY y 


And this follows from the integral form of Chebyshev inequality. 

A nice blending of arithmetic and geometric inequality as well as 
integral calculus allows us to give a beautiful short proof of the following 
inequality. 

Example 5. Let z1, £2,...,£ķ be positive real numbers and m,n 


positive real numbers such that n < km. Prove that 
m(x]? + r3 +: + rk — k) > n(x... £p — 1). 


IMO Shortlist 1985, proposed by Poland 
Solution. Applying AM-GM inequality, we find that 


ma +--+ ap — k) > m(k$/(£122... £)” — k). 
Let 


P= 4/4122 ... Tk. 
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We have to prove that 
mkP” — mk > nP™ — n, 
which is the same as 


BES . Ped 
n = mk ` 


This follows immediately from the fact that 
Pad "NP 
= meoo dt: 
xln P l © 
We have seen a rapid but difficult proof for the following problem, 


using the Cauchy-Schwarz inequality. Well, the problem originated by 

playing around with integral inequalities and the following solution will 

show how one can create difficult problems starting from trivial ones. 
Example 6. Prove that for any positive real numbers a,b,c such 


that a+b+c=1 we have 


3 
(ab-+ be ea) ( Soj 2 re )e f 


P+b +c ata 4 
Gabriel Dospinescu 


Solution. As in the previous problem, the most important aspect 


is to translate the expression in the integral 


a j: g 
b+b +c atta 
language. Fortunately, this isn’t difficult, since it is just 


[ (e T en: + a) dz. 


Now, using the Cauchy-Schwarz inequality, we infer that 


EEN b c 3 a b pat i 
(a+b)? (+c) | (+a)? T \r+b ate ata) ` 
b c 


a 
Using again the same inequality, we minor | 
Be q Ys r+b r+c a+r 


1 
ith we tly, 
vette +ab+ bc + ca RESA 
a b c 1 


> 
(x + b)? $ (x + c)? _ (x +a)? ~ (a+ ab+4 bc+ ca)? 
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and we can integrate this to find that 


a b c 1 
> ; 
Eb he T — (ab+ be + ca) (ab + be + ca + 1) 


Now, all we have to do is to notice that 
4 
ab+be+ca+1< F 


Now, another question for the interested reader: can we prove the 
general case (solved in Cauchy Schwarz’s inequality topic) using integral 
calculus? It seems a difficult problem. 

There is an important similarity between the following problem and 
example 2, yet here it is much more difficult to see the relation with 
integral calculus. 


Example 7. Let n > 2 and S the set of the sequences 


(a1, @2,.-.,@n) C [0,00) which verify 
ys 
i=1 j=1 i td 


, over all 


a, +a 
Find the maximum value of the expression Bye me 
1 j=1 i+ 1 


{= 
sequences from S. 


Gabriel Dospinescu 


Solution. Consider the function f : R —> R, f(x) =a, +azr +--+ 


anxz”—!. Let us observe that 


Sy = a er = Ya fey ayer 


i=1 g=1 i=1 i=1 


= [ (0$ aa) da = [ Pod 
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1 
So, if we denote M = SS ——, we infer that 
J 


1si,jen 
1 
| eP@de <M. 
0 
On the other hand, we have the identity 
aj ta; a a a a 
YY Ha St tpt tet tt 
i+ 9 2 n+1 n+1 2n 


i=1 j=1 


1 
sg (£ +z? +--+ ax”) f(x)dz. 
0 


This was the hard part: translating the properties of the sequences 
in S and also the conclusion. Now, the problem becomes easy, since we 


must find the maximal value of 
i fe +a? +--+. +2") f(x)dx 
where 
if a f?(x)dx < M. 
Well, Cauchy-Schwarz adie for integrals is the way to proceed. 


Indeed, we have 


2 


(f +2442") Fear) 


= ([ VaP Oat ede) 


1 1 
a, fr(ade | (lta+---+2""1)de < M?. 
0 0 


n n 
This shows that `> `> Coan < 2M and now the conclusion easily 
i 


i=1 j=1 TJ 


1 
follows: the maximal value is 2 `> ——, attained for aj = a2 =--- = 
— +J 
1<i, jn 
ag =h 
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Two more words about fractions. We have already said that bunching 
is a mathematical crime. It is time to say it again. This is why we 
designed this topic, to present a new method of treating inequalities 
involving fractions. Some relevant examples will be treated revealing 
that bunching could be a great pain for the reader wanting to use it. 

Example 8. Prove that for any positive real numbers a,b,c the 
following inequality holds: 


1 Py Lip 3 = 1 1 is 1 
3a 3b 3c a+b+c^ 2a+b 2b+a 2b+c 


1 1 1 


Bao ara '2c+a Dye 


Gabriel Dospinescu 


Solution. Of course, the reader has noticed that this is stronger 
than Popoviciu’s inequality, so it seems that classical methods will have 
no chances. And what if we say that this is Schur’s inequality revisited? 


Indeed, let us write Schur’s inequality in the form: 


x? +y’ +23 + 3xyz > ay +y r +yz ++ z ytz rH rz 


i 1 
where x = t73, y = t73 


p= t3 and integrate the inequality as t 
ranges between 0 and 1. And surprise... since what we get is exactly the 
desired inequality. 
In the same category, here is another application of this idea. 
Example 9. Prove that for any positive real numbers a,b,c the 


following inequality holds: 


Pyle dy 1 1 $ 1 
3a 3b 3c 2a+b 2b+c  2c+a 


>3 1 1 H 1 
= a+2b b+2c c+2aj` 


Gabriel Dospinescu 
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Solution. If the previous problem could be solved using bunching 
(or not? Anyway, we haven’t tried), this one is surely impossible to solve 
in this manner. With the experience from the previous problem, we see 


that the problem asks in fact to prove that 
L? +y? + 224 2(a7y + y2z + 22x) > 3(xy* + yz? + zx”) 


for any positive real numbers z, y, z. 
Let us assume that x = min(z, y, z) and write y=x+m,z=x2+n 
for some nonnegative real numbers m,n. Simple computations show that 


the inequality is equivalent to 


2 2 


22(m? — mn + n?) + (n — m)? + m3 > (n — m)m?. 


Therefore, it suffices to prove that 
(n= m)’ +m? > (n—m)m?, 


-m 


which is the same as (via the substitution t = £ ) £ +1 > t for all 
t > —1, which is immediate. 

Starting this topic, we said that there is a deep relation between 
integrals and areas, but in the sequel we seemed to neglect the last 
concept. We ask the reader to accept our apologizes and bring to their 
attention two mathematical gems, in which they will surely have the 
occasion to play around with areas. If only this was easy to see... In fact, 
these problems are discrete forms of Young and Steffensen inequalities 
for integrals. 

Example 10. Let aı > a2 > --- > an41 = 0 and let b1,b2,...,bn € 
(0, 1]. Prove that if 


then 
n k 
5 aibi < `> Qi. 
i=1 i=1 


Saint Petersburg Olympiad, 1996 


Solution. The very experienced reader has already seen a resem- 
blance with Steffensen’s inequality: for any continuous functions f,g : 


[a,b] — R such that f is decreasing and 0 < g < 1 we have 


f todz f rosaa, 
where 
po f Ya 


So, probably an argument using areas (this is how we avoid in- 
tegrals and argue with their discrete forms, areas!!!) could lead to a 
neat solution. So, let us consider a coordinate system XOY and let 
us draw the rectangles R1, Ro,..., Rn such that the vertices of R; are 


the points (i — 1,0), (2,0), (i — 1,a;), (i, a;i) (we need n rectangles of 
k 


heights a1,@2,...,@n and weights 1, so that to view So ai as a sum 
i=1 
of areas) and the rectangles S1, S2, ..., Sn, where the vertices of S; are 
i-1 i i—1 i 
the points Fo b;,0], z b;,0], Ss" bj ai |, 5. bj, ai | (where 
j=1 j=1 j=1 j=1 


Sy b; = 0). We have made this choice because we need two sets of pair 
j=l 
wise disjoint rectangles with the same heights and areas a1, a2,..., an 


and a1b1, agb2,..., nbn so that we can compare the areas of the unions 
of the rectangles in the two sets. Thus, looking in a picture, we find im- 
mediately what we have to show: that the set of rectangles S1, S2,...,S, 
can be covered with the rectangles Ri, Re,..., Rk+1. Intuitively, this is 


evident, by looking again at the picture. Let us make it rigorous. Since 
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n 

the weight of the union of S1, S2,..., Sn is S 0; < k+1 (and the 
j=l 

weight of Ri, R2,..., Rk41 is k + 1), it is enough to prove this for any 


horizontal line. But if we consider a horizontal line y = p and an index 
r such that ar > p > ar+41, then the corresponding weight for the set 
Ri, Ro,..., Rk41 is p, which is at least bj + b2 +---+ bp, the weight for 
S1, S2,..., Sn. And the problem is solved. 

And now the second problem, given this time in a Balkan Mathe- 
matical Olympiad. 

Example 11. Let (£n)n>0 be an increasing sequence of nonnegative 
integers such that for all k € N the number of indices i € N for which 


zi < k is yk < oo. Prove that for any m,n € N we have the inequality 
m n 
Scat y (m+1)(n+1). 
i=0 j=0 


Balkan Mathematical Olympiad, 1999 


Solution. Again, experienced reader will see immediately a similar- 
ity with Young’s inequality: for any strictly increasing one to one map 


f : [0, A] — [0, B] and any a € (0, A), b € (0, B) we have the inequality 


T f(a)dx + [ fl (a)dx > ab. 


Indeed, it suffices to take the given sequence (£n)n>0 as the one to 

one increasing function in Young’s inequality and the sequence (Yyn)n>0 
m m 

as the inverse of f. Just view So and Soy as the corresponding 


i=0 j=0 
integrals and the similarity will be obvious. 


Thus, probably again a geometrical solution is hiding behind some 
rectangles. Indeed, consider the vertical rectangles with weight 1 and 
heights 29,21,...,%m and the rectangles with weight 1 and heights 


YO; Y1; ---, Yn- Then in a similar way one can prove that the set of these 
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rectangles covers the rectangle of sides m + 1 and n+ 1. Thus, the sum 
of their areas is at least the are of this rectangle. 

It will be difficult to solve the following beautiful problems using 
integrals, since the idea is very well hidden. Yet, there is such a solution 
and it is more than beautiful. 

Example 12. Prove that for any a1, @2,...,@n, 61, b9,...,bn > 0 the 
following inequality holds 

SY (lai — aj] + [bi — yl) < SD Jar — 5). 
1<i<j<n 1<i,jgn 


Poland, 1999 


Solution. Let us define the functions f;, gi : [0, 00) > R, 


sw=l E adaa) =f 1, © € [0b], 


0, t>a; 0, x> bi. 


Also, let us define 
Fle) =) file), gle) =) aila). 
i=1 i=1 


Now, let us compute I f(x)g(x)dx. We see that 
0 


| f(«)g(a)de = f S Alaa (x) | de 


1<i,j <n 
OO 
= 5 I fi(x)gj(x)dz = b min(a;, b;). 
1<i,j<n Y0 1<i,j<n 


A similar computation shows that 
OO 
f f’ (x)dz = > min(a;, aj) 
o 1<ij<n 


and 


f g’ (£)dx = `> min(b;, b;). 


1t, j <n 
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1si,jgn 1<t,j <n 1<, j <n 


Now, remember that 2min(z,y) = x + y — |z — y| and the last 


inequality becomes 


Do. a SS a O So. lab, 


1si,jgn 1st,jgn 1s<i,jgn 


and since 
> lu-al=2 $; lu-ajl, 
1<i,j<n 1<i<j<n 
the problem is solved. 

Using this idea, here is a difficult problem, whose elementary solution 
is awful and which has a 3-lines solution using the above idea... Of course, 
this is easy to find for the author of the problem, but in a contest things 
change! 

Example 13. Let a1,a2,...,@n > 0 and let £1, £2,...,£n be real 


numbers such that 
n 
> At, = 0. 
i=1 


a) Prove that the inequality y Ti£j|ai — aj| < 0 holds; 
1<i<j<n 
b) Prove that we have equality in the above inequality if and only if 


there exist a partition A1, Á2,..., Ak of the set {1,2,...,n} such that 


for all i € {1,2,..., k} we have Ss" zj = 0 and aj, = aj, if j1, j2 € Ai. 
jEAi 
Gabriel Dospinescu, Mathlinks Contest 
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Solution. Let 44 be the characteristic function of the set A. Let us 


consider the function 


n 
f: [0, o0) >R, f= S Tiia 
i=1 
Now, let us compute 


I Pade = Y zit | taO 


1t, j <n 


= Ds 44x; min(a;, aj). 


1<t,jcn 
Hence 
J zixj min(a;, aj) > 0. 
I<i,j<n 
Since 
; ai + aj — |ai — aj| 
min(a;,a;) = 5 
and 
n n 
) agit; (Gy + aj) = 2 ) Xi ò aizi | =0, 
1<i,j<n i=l i=l 


we conclude that 
ò Dees |G, = aj] < 0. 
1<i<j<n 


Let us suppose that we have equality. We find that 


[ f?(x)dx = 0 


and so f(x) = 0 almost anywhere. Now, let b1,b2,...,b,% the distinct 
numbers that appear among a1,a2,...,an > 0 and let A; = {j € 


{1,2,...,n}| aj = bi}. Then Aj, Ao,..., Ax is a partition of the set 


{1,2,...,n} and we also have 
k 
de | > w | ào = 0 
i=1 jEA; 
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almost anywhere, from where we easily conclude that 


S "2; =0 for all i € {1,2,..., k}. 
1E Ay 
The conclusion follows. 
And since we have proved the nice inequality 
`> zie; min(a;, aj) > 0 
1<i,j<n 
for any numbers z1, %2,...,%n,@1,42,...,@n > 0 let’s make a step fur- 
ther and give the magnificent proof found by Ravi B. (see mathlinks 
site) for one of the most difficult inequalities ever given in a contest, 
solution based on this result: 
Example 14. Prove the following inequality 
`> min(a;aj, bibj) < `> min(a;bj, ajbi). 
1<i,j<n 1S<i,jgn 


G. Zbaganu, USAMO, 1999 


max(aj, bi) 


Solution. Let us define the numbers r; = — ] and z; = 


min(a;, bi) 
sgn(a; — bi) (if, by any chance, one of a;,b; = 0, we can simply put 


ri = 0). The crucial observation is the following identity: 
min(a;b;, ajbi) — min(ajaj;, bibj) = xx; min(r;, rj). 


Proving this relation can be achieved by distinguishing 4 cases, but 
let us remark that actually we may assume that a; > b; and a; > by, 
which leaves us with only two cases. The first one is when at least one of 
the two inequalities a; > b; and a; > b; becomes an equality. This case 


is trivial, so let us assume the contrary. Then 


Qi 


zixzj min(r;, rj) = jb; min ($ - 1, a = ) = bib; (min & s) = i) 
= min(a;b;, ajbi) = bib; = min(a;bj, ajbi) — min(aja;, bjb;). 
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Now, we can write 
aS min(a;b;, ajbi) — `> min(a;aj, bibj) = Soa min(r;, rj) > 0, 
1<i, jn 1<, jn tJ 
the last inequality being nothing else than the main ingredient of the 
preceding problem. 

Finally, here is a very funny problem, which is a consequence of 
this last hard inequality. Consider this a hint and try to solve it, since 
otherwise the problem is really extremely hard. 

Example 15. Let 21, 22,...,2%, some positive real numbers such 


that 


X |l-aajl= X lzi- zyl. 


1<t,j<n 1<t,j<n 


n 
Prove that `> Li =n. 
i=1 
Gabriel Dospinescu 


Solution. Consider b; = 1 in the inequality from example 14. We 


obtain: 
Ss min(x;, £j) > Ss min(1, x;2;). 
1si,jgn 1s<t,jxn 
— |u — v 
Now, use the formula min(u, v) = Sand i and rewrite the 


2 
above inequality in the form 


n n 2 
2n% Ti — J |e; —2j| > n? + J til — J |1 — zizjl. 
i=1 1<i,j<n i=1 1<i,j<n 
Taking into account that 
XO [t-aajl= $ |e- sj, 
1i, j <n 1<i,j<n 


we finally obtain 
n n 2 
nS T; > n+ 2 ; 
i=1 i=1 
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which can be rewritten as 


j 2 
z £i — n) <0 
i=1 


n 
ò Ti zn. 
i=1 


Therefore 


Problems for practice 
1. Show that for all a,b € N* 


bn+1 1 1 1 b 
n < f +e <ln. 
an+ 1 an+1 an+2 


2. Prove that for any a > 0 and any positive integer n the inequality 
(n $ iB yak aes 

a+1 
holds. Also, for a € (—1,0) we have the reversed inequality. 


Teer a ees < 


Folklore 


3. Prove that for any real number x 


n n 
ny a > (n+ 1) ‘oor 
k=0 k=1 
Harris Kwong, College Math. Journal 
4. Let a continuous and monotonically increasing function f : 
[0,1] — R such that f(0) =0 and f(1) = 1. Prove that 
9 
k i(k 99 
ae me teen ana 
Yt (a) +L" Go) $0 
k=1 
Sankt Petersburg, 1991 
5. Prove the following inequality 


a” + br a+b red a +arib +... + abr! + pn 
2 2 > n+1 


for any positive integer n and any nonnegative real numbers a, b. 
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Mihai Onucu Drambe 


6. Prove that if a] < ag < --- < an < 2a) the the following inequality 
holds 


E T > (Da) + + (2n-Soa) 


1<i,j<n 
Gabriel Dospinescu 


7. For all positive real number x and all positive integer n we have: 


(0) GG), Ge) 


> 0. 
x r+ xr+2 x+ 2n 
Komal 
8. Prove that the function f : [0,1) — R defined by 
f(x) = loga(1 — £) +r +r? +r +r’ +... 
is bounded. 
Komal 
9. Prove that for any real numbers aj, a2,..., an 
n 
i, j=1 


10. Let k € N, ay, a2,...,Qn+1 = a1. Prove that 


7 ra k-1 
k-j j-1 
De Qi To 2 nko? z a) i 
1<i<n i=1 
1<j<k 
Hassan A. Shah Ali, Crux Mathematicorum 
11. Prove that for any positive real numbers a, b,c such that a +b = 


c= 1 we have: 


b c a 
iea E eee i 
a b Cc ab + be + ca 


Marius and Sorin Radulescu 
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12. Prove that for all a,,a2,...,@n, 61, b2,...,6n > 0 the inequality 
holds 


ye min(a;, aj) pD min(b;, b;) | > y min(a;, b;) 
1<t,j <n 1<, j<n 1<t, j <n 
Don Zagier 


13. Prove that for any zı > £2 > -+ - > £n > 0 we have 


n 2 2 2 n 
Ti ttiz ro +e 
` ) i tel: Tem) oe 
(7 
i=1 i=1 


Adapted after an IMC 2000 problem 


14. Let y be Euler’s totient function, where y(1) = 1. Prove that 


for any positive integer n we have 


“ p(k), 2% 1 
1> S In >1 
k=1 


— 1 gir: 
Gabriel Dospinescu 


15. Let p1, p2,..-,Pn some positive numbers which add up to 1 and 


£1, T2, ..., Zn some positive real numbers. Let also 


n n 
A= > Qifti and G = | [ x". 
i=1 i=1 


a) Let us denote 


a tdt 
ieee) I (1 + t) (£+ at)? 


Prove that 
A £ 2 
ln a D pilzi — A) I(x, A). 


Deduce the arithmetic-geometric inequality. 


1 
b) Suppose that x; < = and define A’, G” the corresponding means 


1 


A A 
for 1 — z;. P hat = > —. 
or x rove that = 2 gy 


Oral examination ENS 
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16. Prove that for any positive real numbers 71, 72,...,2n such that 


n 


1 n 
D mare 


i=1 


we have the inequality 


Gabriel Dospinescu 


17. Prove that we can find a constant c such that for any x > 1 and 


any positive integer n we have 


n 


(k? +x)? 2 


k=1 


IMC, 1996 


18. Let 0 = £1 < -+ < %an41 = 1 some real numbers. Prove that if 


£i+1 — zi < h for all 1 < i < 2n then 


2n 


1-h 1+h 
=a SS £2i(2i41 — T2i-1) < ———. 
2 A 2 
i=1 
Turkey TST, 1996 
19. Prove that for any a1,a2,...,@n > 0 we have the following in- 


equality 


n 
T teaa 
ten +3 i=1 

Hilbert’s inequality 
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